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Introduction 

There has long been a philosophy that every deformation problem in characteristic 
should give rise to a differential graded Lie algebra (DGLA). This DGLA should not 
only determine the deformation functor (and indeed the deformation groupoid up to 
equivalence), but also somehow encapsulate more information (corresponding to the 
higher cohomology) about the original problem. We have: 

Deformation Problem DGLA Deformation Groupoid ^ Deformation Functor. 

However, there are several respects in which DGLAs are not wholly satisfactory. 
Finding a DGLA to govern a given problem is not easy — Kontsevich describes it as 
an "art" ([Kon94]), so the arrow 

Deformation Problem DGLA 

above is merely aspirational. Kontsevich also remarks that, where DGLAs are con- 
structed for geometric problems, the methods used are predominantly analytic. This 
proves inadequate for the more algebraic problems, such as deformations of an algebraic 
variety. However, in [KSOO], Kontsevich and Soibelman go some way towards construct- 
ing DGLAs for algebraic problems, by providing DGLAs to govern deformations over 
an operad. In non-zero characteristic, DGLAs do not, in general, even give rise to 
deformation functors. 

The reason for these problems is that differential graded objects are usually natural 
things to consider only in characteristic zero. This statement is implied by omission 
in papers such as [Qui69], showing that DG objects suffice when considering homotopy 
theory over the rationals. In non-zero characteristic, it is necessary to use simplicial 
objects in their stead. This equivalence of DG and simplicial objects, together with 
the relative facility of DG methods, has resulted in a comparative neglect of simplicial 
methods. As I will demonstrate, there are may scenarios in which simplicial structures 
arise more naturally. 

In this paper, I define a simplicial object to replace DGLAs, namely a Simplicial 
Deformation Complex (SDC). This gives rise to the picture: 

Deformation Problem SDC Deformation Groupoid Deformation Functor. 



*The author is supported by Trinity College, Cambridge and the Isle of Man Department of Educa- 
tion. 



1 



Here we have the advantage not only that this works in non-zero characteristic, but also 
that the first arrow is reasonably canonical. 

Whereas Kontsevich and Soibelman used operads for their notion of algebraicity, I 
use a weaker notion — that of monadic adjunctions. Given the existence of a suitable 
monadic adjunction, an SDC can be constructed to govern the relevant deformation 
problem. In particular, all operads give rise to monadic adjunctions. 

The frequent existence of such adjunctions, and their role in cohomology and ho- 
mology, are well documented (e.g.[Mac71] Ch.VII §6, and Notes at the end of Ch VI). It 
is thus unsurprising that monadic adjunctions should be useful in deformation theory, 
and they immediately enable the construction of SDCs for many deformation problems. 

One major way in which this approach diverges from previous approaches is that 
the dual construction is equally straightforward, providing SDCs whenever there is 
a suitable comonadic adjunction. As an example, this immediately yields an SDC 
governing deformations of a local system on an arbitrary topological space. 

The real power of this approach, however, lies in the ability to construct SDCs from 
a combination of monadic and comonadic adjunctions. For example, to deform a scheme 
X is equivalent to deforming its structure sheaf The algebra structure of ffx can 
be thought of as monadic, while the sheaf structure is comonadic. This provides an 
SDC for this example, under more general conditions than those for which a DGLA 
was constructed in [Hin05]. By contrast, most previous examples for which DGLAs 
were constructed were either purely comonadic (e.g. smooth schemes, for which the 
ring structure does not deform), or purely monadic (e.g. affine schemes, for which the 
sheaf structure does not deform) . Another example of this type is deformation of a Hopf 
algebra. 

Furthermore, I adapt the results of [Qui69] to prove that DGLAs and SDCs are 
equivalent in characteristic zero. However, while the arrow DGLA ^ SDC is very natu- 
ral, the arrow SDC DGLA is generally not, which helps to explain why constructing 
DGLAs is an "art". 
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Pre-requisites 

This section contains a summary of pre-requisite material used throughout the rest of 
the paper, included for ease of reference. 

0.1 Functors on Artinian Rings 

This section consists merely of a list of well-known results and definitions, included for 
the convenience of the reader. 

Fix A a complete Noetherian local ring, ^ its maximal ideal, k its residue field. 
Define C\ to be the category of complete local Noetherian A-algcbras with residue field 
k, and Ca to be the category of Artinian local A-algebras with residue field k 

We require that all functors on C\ satisfy 

(HO) F{k) = •, the one-point set. 

We take the following definitions and results from [Sch68]: 

Definition 0.1. For p : B ^ A in C\ surjective, p is a small extension if keip = (t), a 
principal ideal, such that ms(t) = (0). 
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Note that any surjection can be be f actor ised as a composition of small extensions. 
For F : Ca ^ Set, let F : Cx ^ Set by F{R) = limF(i?/m^). Note that 
F{R) ^ Yiom{hR,F), where : Ca ^ Set; A ^ Hom(i?,^). 

Definition 0.2. We will say a functor F : Ca — > Set is pro-representable if it is isomor- 
phic to hn, for some R € C\. By the above remark, this isomorphism is determined by 
an element ^ G F{R)- We say the pro-couple {R,C) pro-represents F. 

Definition 0.3. A natural transformation : F — > G in [CA,Set] is called: 

1. unramified if (j) : tp ^ tc is injective, where tp = F{k[e]). 

2. smooth if for every B ^ A in C\, we have F{B) G{B) y<G{A) 

3. etale if it is smooth and unramified. 

Definition 0.4. F : Ca ^ Set is smooth if and only if F — > • is smooth. 

Definition 0.5. A pro-couple {R, is a hull for F if the induced map Hr —>■ F is etale. 

Theorem 0.6. Let {R,£,), {R\^') be hull of F. Then there exists an isomorphism 
u:R^R' such that F(u){() = ^' . 

Lemma 0.7. Suppose F is a functor such that 



for vector spaces V and W over k, where k\y\ := k ® V ^ in which V'^ = 0. 
Then F(k[V]), and in particular tp, has a canonical vector space structure, and 
F{k[V])^tF0V. 

Theorem 0.8. Let F : Ca — > Set. Let A' ^ A and A" A he morphisms in Ca, and 
consider the map: 



1. F has a hull if and only if F has properties (HI), (H2) and (H3) below: 

(HI) (f ) is a surjection whenever A" A is a small extension. 
(H2) (f) is a bijection when A = k, A" = k[e]. 
(H3) dim.k{tF) < oo. 

2. F is pro-representable if and only if F has the additional property (H4): 



F{k[V] Xfc k[W]) A F{k[V]) X F{k[W]) 



(t) F{A'xaA 



)^F{A')xp^j,)F{A"). 



Then 




Proof [Sch68], Theorem 2.11. 



□ 
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Definition 0.9. F : Ca ^ Set is homogeneous if ry : F{B C) ^ F{B) x^(^) F{C) 
is an isomorphism for every B ^ A. 

Note that a homogeneous functor satisfies conditions (HI), (H2) and (H4). 

Definition 0.10. F : Ca — > Set is a deformation functor if: 

1. 77 is surjective whenever B ^ A. 

2. ?7 is an isomorphism whenever A = k. 

Note that a deformation functor satisfies conditions (HI) and (H2). 

The following results are proved by Manetti (in [Man99]): 

Theorem 0.11. (Standard Smoothness Criterion) Given (j) : F ^ G a morphism of 
deformation functors, with {V,Ve) {W,We) a compatible morphism of obstruction the- 
ories, if(y,Ve) is complete, V W infective, andtp to surjective, then (p is smooth. 

Proof. [Man99], Proposition 2.17. □ 

For functors F : C\ ^ Set and G : Ca Grp, we say that G acts on F if we have a 
functorial group action G{A) x F{A) — F{A), for each A in Ca- The quotient functor 
F/G is defined by {F/G){A) = F{A)/G{A). 

Theorem 0.12. If F : Ca ^ Set, a deformation functor, and G : Ca — ^ Grp a smooth 

deformation functor, with G acting on F, then D := F/G is a deformation functor, 
and if v : tc —>■ tp denotes h ^ h * 0, then to = coker v, and the universal obstruction 
theories of D and F are isomorphic. 

Proof [Man99], Lemma 2.20. □ 

Theorem 0.13. For F : Ca ^ Set is homogeneous, and G : Ca ^ Grp a deformation 
functor, given a,b & F(R), define Iso(a, 6) : Cr — > Set by 

Iso(a, b)iR I^A) = {ge G{A)\g * /(a) = f{b)}. 

Then Iso(a, 5) is a deformation functor, with tangent space ker v and, if G is moreover 

smooth, complete obstruction space coker z/ = to- Furthermore, if G is homogeneous, 
then so is Iso(a, b). 

Proof [Man99], Proposition 2.21. □ 

Theorem 0.14. If G,G' smooth deformation functors, acting on F,F' respectively, 
with F, F' homogeneous, ker v — > ker v' surjective, and coker v — >■ coker u' injective, then 
F/G F'/G' is injective. 

Proof. [Man99], Corollary 2.22. □ 

This final result does not appear in [Man99], but proves extremely useful: 

Corollary 0.15. //F : Ca — > Set and G : Ca —>■ Grp are deformation functors, with G 
acting on F , let D := F/G, then: 
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1. If G is smooth, then rjD is surjective for every B ^ A (i.e. D is a deformation 
functor). 

2. If F is homogeneous and ker z/ = 0, then rjD is injective for every B ^ A. 

Thus, in particular, F/G will be homogeneous if F is homogeneous, G is a smooth 
deformation functor and kerv = 0. 

Proof. The first part is just Theorem 0.12. For the second part, assume we are given 

a,(3 e D{B Xa C) such that r}{a) = r}{(3), 

so a|s = (5\b, q;|c = /?|c- Lift a, /3 to a,/? G F{B xa C). We have 
QB e G{B), gc e G{C) such that 

gB*a\B=P\B, 9c*oi\c = P\c- 

Thus gB\A,gc\A G Iso(a[^, By Theorem 0.13, Iso(q;^, has a huh, 
with tangent space keri^ = 0, so Iso(a|A, /3U)(^) contains at most one element, and 
gB\A = gc\A- Hence 

{gB,gc)eG{B)xGiA) G{C), 

and we may use surjectivity of tjg to hft this to 5 G G{B xaC). Now 77^(5*0;) = r]F{P), 
so homogeneity of F impUes that g * a = P, so a = (3. □ 

To summarise the results concerning the pro-representability of the quotient 
D = F/G, we have: 

1. If -F is a deformation functor and G a smooth deformation functor, with cokeri^ 
finite dimensional, then D has a hull. 

2. If F is homogeneous and G a smooth deformation functor, with ker = and 
coker 1/ finite dimensional, then D is pro-representable. 

0.2 Differential Graded Lie Algebras 

The results of this section can all be found in [Man99] . 

Definition 0.16. A DGLA over a field k of characteristic is a graded vector space 
L = 0jg2 '^^^^ ^1 equipped with operators [, ] : L x L ^ L bilinear and d : L ^ L 
linear, satisfying: 

1. [L\U] C L^+J. 

2. [a,b] + {-lY%a] =0. 

3. {-lf~-[a, [b,c]] + {-ir% [c,a]] + {-!)%, [a,b]] = 0. 

4. d{L') C L'+^. 

5. dod = 0. 
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6. d[a,b] = [da,h] + {-lf[a,db] 

Here a denotes the degree of a, mod 2, for a homogeneous. 

Remark 0.17. Note that this definition of a DGLA does allow for negative degrees; 
however, it is natural to require that H<*^(L (g) A;) = 0, and in Section 5 it will be 
shown that all the deformation problems we consider can be described by DGLAs with 
L<o = 0. 

Fix a DGLA L. 

Definition 0.18. The Maurer-Cartan functor MC^ : Ck — > Set is defined by 

MCl{A) = {x G ®mA\dx + ^[x,x] = 0}. 
Observe that for a; G (g) m^, 

du + ^[u!,Lo] = ^ {d + ado;) o (d + ad^,) = 0, 

so {L ^ A,[,],d + ad is a DGLA over A. 

Definition 0.19. Define the gauge functor Gl : — > Grp by Gl{A) = exp{L^ (^m^). 
We may define another DGLA, L^, by 

j _ (L^ ®kd i = l 

with 

ddid) = 0, [d, d] = 0, [d, a]^ = da, Va € L. 

Lemma 0.20. exp(L'^ m^) commutes with [,] when acting on L^^A via the adjoint 
action. 

Corollary 0.21. Since exp(L'^ (g)myi) preserves ®mA + d (Z L^^^A under the adjoint 
action, and 

X e MCl(^) <^[x + d,x + d]=0, 

the adjoint action of exp(L'^ (g) m^) on iSi A + d induces an action of Gl{A) on 
MCl{A), which we will call the gauge action. 

Definition 0.22. Def/, = MCl/Gl, the quotient being given by the gauge action 
a{x) = ado; (a; + d) — d. Observe that G^ is homogeneous. 
For a G MCl(A), define Ka : Ca ^ Grp by 

Ka{B) = exp(((i + ada)L~^ (g) ms). 

Note that this makes sense, since {d + ada)^ = 0, so 

{d + ada)L~^ (g) ms < L° (g) ms 

is a Lie subalgebra. Note that Ka is then a subfunctor of Iso(a, a) < Gl(^), so acts on 
Iso(a, b) by right multiplication. 

Define the deformation groupoid 2)cf^ to have objects MCl, and morphisms given 
by lso{a,b)/Ka. 
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Now, tcz, = f'lid ImCl ~ 2^(-^^e), with action 

iCz, X tuCL ~^ ^MCli 

{b, x) X + db, so 

Lemma 0.23. lP{L) is a complete obstruction space for MC l ■ 
Proof. Given a small extension 

eiO^J^A^B^O, 
and X G MCl(-B), lift x to x € vxa, and let 

h = dx + ^[x,x] G (g) m^. 

In fact, /i G (g) J, as da; + ^[x, x] = 0. 
Now, 

dh = d^x + [dx, x] = [/i — - [x, x] , x] = [h, x] = 0, 
since [[x,x],x] = and J.m.A = 0. Let 

Ve{x) = [h] G H2(L (8) J) = H2(L) J. 
This is well-defined: if y = x + z, for z G ® J, then 

dy + ^[y,y] =dx + dz + ^[x,x] + ^[z,z] + [x,z] = h + dz, 

as J.xviA = 0. 

This construction is clearly functorial, so it follows that (H^(L),Ue) is a complete 
obstruction theory for MC^. □ 

Now Theorem 0.12 implies the following: 

Theorem 0.24. Def^ is a deformation functor, toefi — H^(-L), andIl^{L) is a complete 
obstruction theory for DefL. 

The other theorems can be used to prove: 

Theorem 0.25. If (f) : L ^ M is a morphism of DGLAs, and 

: ff(L) ^ ff(M) 

are the induced maps on cohomology, then: 

1. If {(f)) is bijective, and H^(0) injective, then Def/, DefM is etale. 

2. If also H°(0) is surjective, then Defi, — Defj^f is an isomorphism. 

8 



3. Provided condition 1 holds, 5)ef^ ^^Im ^•^ ^'^ equivalence of functors of 
groupoids if and only if B.^ {(f)) is an isomorphism. 

Proof. [Man99], Theorem 3.1, mutatis mutandis. □ 
Theorem 0.26. //H°(L) = 0, then Def^ is homogeneous. 

Proof. This is essentially Theorem 0.15, with some allowance made for Ka. □ 

Thus, in particular, a quasi-isomorphism of DGLAs gives an isomorphism of defor- 
mation functors and deformation groupoids. 

Example 0.27. Deformation of algebras (due to [Kon94]). 

We wish to describe fiat deformations Ra/A of any algebra Ro/k: 

X = Spec Ro > Spec Ra = Xa 



flat 



flat 



Spec A; > Spec A. 

Explicitly, the deformation groupoid has objects flat Ra/A, such that Ra <8>^ k = Rq, 
with morphisms given by infinitesimal isomorphisms of Ra, i.e. ^-algebra isomorphisms 
6 such that ^ = id mod itia. 

Take any free resolution R, ^ R oi R, i.e. a free graded algebra i?*, with a differ- 
ential 6 of degree 1, such that 



Hi(i?.) = 

Now, let 



R i = 
i>0. 



L* = Devk{R*,R*), 

with differential ad^. 

Let T) ef / f.{A) denote the groupoid of deformations Ra/A of Rq, with morphisms 
given by infinitesimal isomorphisms. Given lo G MCl{A), it follows that {6 + a;)^ = 0. 
Define a map 

2)efi(A)^S)ef«„/fe(A), 
sending uj G MCz,(yl) to the flat ^d-algebra 

Ho{R^(g) A,6 + Lo). 

In fact, $ gives an essential surjection. 

Next, observe that Gl{A) consists precisely of infinitesimal A-algebra automor- 
phisms of R* <S> A, and that the gauge action of 9 sends S + uj to 6 o (5 + u) o 9~^. 

Now, G Hom(a;, uj') maps under $ to 

HQ{e) : Ho{R*®A,S + uj) ^ Ho{R^0A,5 + uj'), 

and it turns out that $ is full. 

To see that $ is faithful, note that for 6 G Iso(a;,a;)(^), 

Ho{9) : Ho{R* ^A,S + uj)^ Ho{R* ^A,d + uj) 

is the identity if and only if ^ G K^{A). 
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0.3 Monadic Adjunctions 

This section just recalls some standard definitions concerning adjunctions, and fixes 
notation which will be used throughout the paper. 

Definition 0.28. For categories V, £, and a pair of functors 

G 

F 

recall that an adjunction F H G is a natural isomorphism 

Homx>(F^,S) ^ RomsiA,GB). 

We say that F is left adjoint to G, or G is right adjoint to F. Let _L = FG, and T = GF. 
To give an adjunction is equivalent to giving two natural transformations, the unit 

r] -.ids T, 

and the co-unit 

e : _L ^ id-D, 

satisfying the triangle identities: 

Ft] , vG 

F ^FGF and G — ^ GFG 



id F \^ w idc 

F G. 

In terms of the unit and co-unit, the adjunction is given as follows: 

llomT){FA,B) ^ RomeiA,GB) 

e ^ GeorjA 

£B ° F(j) ^ (p. 

Note that the r]A and eb can be recovered from the adjunction, since they correspond 
under the adjunction to the identity maps on FA and GB, respectively. 

/ 

Examples 0.29. 1. Given a morphism X oi schemes, there is an adjunction 

Shf(x)^x^Shf(y), 

between the category of sheaves on Y and the category of sheaves on X, i.e. a 
natural isomorphism 

Homx(/-'^,=F) = Homy(^,/,^), 
determined by the canonical maps 
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2. There is also an adjunction 

/* 

-Mod^X^ -Mod , 
/* 

Hom^^(/*^, ^) ^ Hornby (^^, /,^), 

£^ : W : ^ ^ /*/*^- 

If a functor has a left adjoint, then it preserves all (inverse) limits. Conversely, pro- 
vided the categories involved satisfy various additional conditions, the Special Adjoint 
Functor Theorem ([Mac71] Ch. V.8) proves that any functor which preserves inverse 
limits has a left adjoint. 

Given an adjunction 

u 

F 

with unit 77 : id — > UF and co-unit e : FU — > id, we let T = [/ F, and define the category 
of T-algebras, £^ , to have objects 

TE E, 

such that the following diagrams commute: 



A morphism 



E- 



Ve 



TE and 




E 



9 •■ 



[TEA 



T^E' 

UepE 

TE- 

nE2\ 



\E2 J 



of T-algebras is a morphism g : Ei ^ E2 such that 



TEi 
d 

El 



TE2 



E2 



TE 



commutes. 

We define the comparison functor K -.V ^ £^ hy 

'UFUB\ 

B 

on objects, and K{g) = U {g) on morphisms. 
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Definition 0.30. The adjunction 

u 

F 

is said to be monadic ii K : T? ^ £^ is an equivalence. 

Intuitively, monadic adjunctions correspond to algebraic theories, such as the ad- 
junction 

_u 

fc-Alg TT^ fc-Vect, 

Symmj. 

between fc-algebras and vector spaces over A;, U being the forgetful functor. Other exam- 
ples are Lie algebras or non-commutative algebras, with their respective free functors, 
over vector spaces, or vector spaces over sets. 

Example 0.31. Probably the clearest example of a monadic adjunction is that between 
sets and G-sets. Given a group G, The category G— Set consists of sets 5, with a 
G-action G x S ^ S. We have the adjunction: 

u 




G-Set Tr Set, 

Gx- 

with r]s = (e, id) : S ^ G X S, and et = * : G X T ^ T. 

A T-algebra consists of a set S, together with a map TS" = G x S ^ S, such that: 

(e,ids) , (ido,/) 

S—^GxS and G xG x S-^G x S 

(*,ids) 

S GxS — 

commute, which is precisely the same as a G-set, hence the equivalence. 
Dually, if we have an adjunction 

V 

G 

with CO- unit 7 : VG — id and unit a : id ^ GV, we let _L = VG, and can define the 
category of _L-coalgebras, with a functor K :'D ^ 

Definition 0.32. The adjunction 

V 



G 

is said to be comonadic if K : V ^ is an equivalence. 

Finally, the equivalence version of Beck's monadicity theorem gives a criterion for 
an adjunction to be monadic: 
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Definition 0.33. A split fork is a diagram 

■f 
t 

such that ef = eg, es = 1, ft = 1, gt = se. A spht coequahser of / and g is the arrow 
e of some spht fork. 

Definition 0.34. A functor U : V —>■ £ is said to reflect coequalisers for a pair 
f,g:A^Bifioi every diagram A jB s-C, with ef = eg and Ue a coequaliser 

9 

of Uf and Ug, the morphism e is a coequaliser of / and g. 

U is said to reflect isomorphisms if / is an isomorphism whenever Uf is. Observe 
that if U preserves a coequaliser of f,g in V, and U reflects isomorphisms, then U 
reflects all coequalisers of /, g. 

Theorem 0.35. The following conditions are equivalent: 

1. The adjunction 

u 

F 

is monadic. 

2. If f, g : D ^ D' is a parallel pair in V for which Uf, Ug has a split coequaliser, 
then V has a coequaliser for /, g, and U preserves and reflects coequalisers for 
these pairs. 

Proof. [Mac71] Ch. VI.7 Ex 6. □ 
Throughout this paper, the sign "=" will be used to denote canonical isomorphism. 

1 Simplicial Deformation Complexes 

1.1 Definitions 

Definition 1.1. A simplicial deformation complex E' consists of smooth homogeneous 
functors E"' : C\ —>■ Set for each n > 0, together with maps 

Qi -^E"^ ^ 1 < i < n 

(ji -E"^ ^ < i < n, 

an associative product * : x ^m+n^ with identity 1 : • — £'°, where • is the 

constant functor •{A) = • on Ca, such that: 

1. d^d^ = d'd^-^ i < j. 

2. a^a' = a'a^+'^ i < j. 
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i < J 


a^d' = < 


id i = 


= j,i = j + l. 




^ o a-' 


i> j + 1 




= d\e*f) 




e * d\f) 


= 9*+'"(e* 


/), for e G 


a'{e)*f 


= (7^(e*/) 






= c7*+™(e* 


/), for e G £™ 



Remark 1.2. Observe that E'* is not quite a cosimphcial complex — we have omitted 
the maps and 9"+^. In fact, if wc define = E* , with £7^ = d^^^ and 5^ = a', 

then E, is an augmented simplicial complex. 

Definition 1.3. Let C*{E) be the tangent space oiE*, i.e. C'^{E) = £;"(A;[e]). 
Definition 1.4. Define the Maurer-Cartan functor MCe by 

MC£;(^) = G ^^(^) : w * w = d^{uj)}. 
Lemma 1.5. E^ is a group under multiplication. 

Proof. We need only show existence of inverses. Given g G E°{A), we have a morphism 
(pg : E^ E^ of functors on Ca, given hy h ^ g*h. Since E^ is smooth, its obstruction 
theory is trivial. Now, on tangent spaces, 4>g{a) = g * a, but the map A — > k[e] factors 
through A;, so ^ = 1, and (pg : C°(£?) — >■ C°(£?) is the identity. Thus the Standard 
Smoothness Criterion (Theorem 0.11) implies that cpg is smooth, and in particular sur- 
jcctive, hence (pg : E^{A) E^[A) is surjective, and there exists an h with g *h = 1. 
We construct a left inverse similarly, and then hi = hi * g * hr = hr. This also gives 
uniqueness of the inverse. □ 

Now, if G MCe(^) and g G E^{A), then g*u*g G MC£;(A). We may therefore 
make the following definition: 

Definition 1.6. 

Deffi = MCb/E°, 

the quotient being with respect to the adjoint action. The deformation groupoid 
has objects MCe, and morphisms given by E^ . 

Lemma 1.7. The action E^ x E'^ — > E'^ is faithful (i.e. g * e = e for some e only if 
9 = 1). 
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Proof. Prom Theorem 0.13, it will suffice to show that u : C(£^)° C{E)" is injective, 
since a deformation functor F with tangent space has at most one element in F{A). 

n 

Let oJo be the unique element of E^{k); thus ujq * . . . * ojq is the unique element of 
Note that (7°(a;o) = 1. Now, for g G C°(S), 

{ay{v{g)) = {a'rig * u;^') = {a'r-\g * a\uJo) * u;^'') = {cTy-\g * u^t') = 5, 

by induction. Therefore v is injective. □ 

Observe that, for co G MC e{A), 

a^{iv) *uj = a^{LV *Lv) = a^d^{oj) = oj, 

so the previous Lemma implies that cr^{uj) = 1. As an immediate consequence, we have: 

Lemma 1.8. For u) G MCe(^), if we let 0°(e) = u * e, and 52+^(e) = e * u, for 
e G E^{A), then E*[A) becomes a cosimplicial complex, and d'^'^^ also satisfying the 
following identities, for e G E"^,f G -B"; 

dUe)*f = dl{e*f), 

SrHe)*/ = e*90(/). 

Note, however, that not all the identities of Definition 1.1 hold for and 5""^^ — in 
general d^+\e) * f d^'+^ie *f), ande* d^{f) 5"^(e * /). 

In particular, we obtain, on Ck C Ca, 5° := 5°^ and 0"+^ := 5^+^ Thus C*(^) has 
the natural structure of a cosimplicial complex. 

Definition 1.9. Define the cohomology groups of E to be 

B.\E) := W{C'{E)), 
the cohomotopy groups of the cosimplicial complex C*{E). 

Lemma 1.10. The tangent space o/MCb is Z^{C*{E)), with the action of E'^ giving 
u{g) = d\g)-d^{g). 

Proof. On tangent spaces all maps are linear. Thus the map C^(£') x C^{E) C'^{E) 

given by (a, /3) H^- a * /3 can be written a* f3 = fi (a) + /2 . Evaluating this at /? = 
we obtain /i(a) = a * loq = d'^{a), and similarly /2(/3) = Thus 

tuc^ = We C\E): d\u) + d\u) = d\u)} = Z\C'{E)). 

Now, ^{g) = g * loq * g^^, and, similarly to above, 

f * LOo * h = f * LOo * 1 + 1 * (Jo * h = (f) + d^{h). 

Hence u{g) = d^{g) - d^{g). □ 
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Lemma 1.11. lP{E) is a complete obstruction space for MC^;. 
Proof. Take a small extension 

Note that e provides an isomorphism A k[e] A Xb A, (a,ae) h- > (a,a + ae), and 
thus, for any homogeneous functor F, F{A) x tpe — >■ F{A Xb A). Given / G F{A) and 
V € tp, we will write the image under this isomorphism as (/, / + ve). Note that all the 
properties which this terminology suggests do hold. 

Now, given u G MCe{B), use the smoothness of E'^ to take a lift G E^{A). Since 
Lo * CO = d^{u), 

iCo*Lb,d\u))€E\A) Xe2^b) E^{A), 

so we have 0*0 = d^{oj) + ce, for c G C'^{E). 
Now, 

(u)*u))*a; = * + 9^(c)e 

a>*(a;*a}) = * 8^(0) + d^{c)e, 

so 

5^ (a; * - ^^(w * tj) = (a°(c) - d^{c))e. 

Also, 

aHtD*w) = d^d\i:;)+d\c)e 
d'^{oj*co) = d'^d\u)+d'^{c)e, 

so 

d\Cj -d'^ {00*00) = {d\c) - a2(c))e, 

since d^d^ = d'^d\ 

Thus dc = (5° - 51 + 52 - a3)(c) = 0, so c G Z^{C*{E)). 
If we take another lift ui = u + be, then 

(ji * ui = Lo * u + cP{b)e + d^{b)e, 

since a) * 6 = * ^ + f^'^l^); &c., and 

5i(cji) = 5i(cj) + 9n6)e, 

so ci = c + db. 

We therefore define fe(i^) = [c]e G H^(£'), and it follows from the above working 
that this is a complete obstruction theory. □ 

Theorems 0.11 to 0.15 now imply: 

Theorem 1.12. Def^ is a deformation functor, with tangent space H^(£^) and complete 

obstruction space H^(ii^). Foruj,uj' G MCe{A), Iso{uj,uj') is homogeneous, with tangent 
space li^(E) and complete obstruction space IL^{E). Moreover, ifli^{E) = 0, then Def^; 
is homogeneous. 
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Proof. Theorem 0.12 and Corollary 0.15. □ 
Theorem 1.13. If (p : E ^ F is a morphism of SDCs, and 

ff (0) : ff (E) ^ ff 

are the induced maps on cohomology, then: 

1. IfH^{(f>) is bijective, and H^(<^) injective, then Def^ — > Defi? is etale. 

2. If also H'^ (^) is surjective, then Def e — > Def f is an isomorphism. 

3. Provided condition 1 holds, Sefg ^^fp is o,n equivalence of functors of 
groupoids if and only «/H°(0) is an isomorphism. 

Proof. 

1. Theorems 0.11 and 0.12. 

2. Theorem 0.14. 

3. It remains only to show that (p^ : ^ F^ is injective. E^ acts on F^ by 
multiplication, so keTcf)^ = Iso(l,l), which, by Theorem 0.13, is a deformation 
functor with tangent space kerH°(^) = 0. Hence keicfP = 0. 

□ 

Call a morphism (f) : E ^ F & quasi-isomorphism if the H*(0) : H*(£') — > W{F) are 
all isomorphisms. 

Definition 1.14. Given a morphism cf) : E ^ F of SDCs, and a point x G MCf(A), 
define the groupoid 

to be the fibre of the morphism 

over X. 

Explicitly, Def^^^{A) has objects 

{(w, h) e MCe{A) X : h(l){u)h-^ = x}, 

and morphisms 

E'^iA), where giLO,h) = {gujg-\h(f){g)-^). 

Theorem 1.15. Let E^^^{A) be the fibre of E''{A) ^ F'^{A) over x". Then E* is an 
SDC, and the canonical map 

is an equivalence of groupoids. 
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Proof. Def^^a; is a deformation functor, with tangent space H^(£^, F) and complete ob- 
struction space H^(£', F). For lo,ijj' G ObScf^ Iso(u;,u;') is homogeneous, with 
tangent space H'^(£',F) and complete obstruction space H^(F, F). Here, H*(F, F) is 
the cohomology of the cone complex 




C'^(F) © C\F) 



C2(F) © C\F) 



C"(F) 

so we have the long exact sequence 








^H°(F, F) - 
Hi(F, F) - 
H2(F, F) - 

Now, the definition of E' provides a short exact sequence: 



■H0(F)^H0(F) 
■Hi(F)— -^Hi(F) 
■H2(F)^H2(F) 



^ C*(F^ , 

giving the long exact sequence 

0- 



C'(F) A C*(F) ^ 0, 



■H0(F)^H0(F) 



H^(-£^(/.,a;) - 

Thus the map D ef £■ ^ ^ ef ^ .j, gives isomorphisms on all relevant tangent and ob- 



.Hi(F)^Hi(F) 
•H2(F)^S-h2(F) 



struction spaces, so is an equivalence of group oids. 



□ 



1.2 Examples 

1.2.1 Deformation of algebras 

Let A„ := A/zx""*"^. Take a flat /Li-adic system of algebras i?„/A„, i.e flat algebras 
Bn/Kn such that <8)a„=i A„ = and let B := lim5„. The simplest (and most 
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common) case to consider is when i?„ = A„. We wish to create an SDC describing flat 
deformations Ra/{B (8) a ^) of any flat algebra Rq/Bq: 

Xq = Spec Rq — - — > Spec Ra = Xa 



flat 



flat 



SpecSo > Spf 5 Xspf A Spec^. 

Exphcitly, the deformation groupoid has objects flat Ra/{B (g) A), such that 
Ra '^a k = Ro, with morphisms given by infinitesimal isomorphisms of Ra, i-e. {Bi^iA)- 
algebra isomorphisms 6 such that ^ = id mod m^. 

There is, up to isomorphism, a unique flat //-adic A-module M such that M ®k = Rq 
(since flat modules over nilpotent rings are free). There is an adjunction 

u 

{B ® yl)-FAlg , T ' A-FMod, 

Fb^a 

between the categories of flat {B ® A)-algebras and of flat ^-modules, U being the 
forgetful functor, and 

Fb®a = {B® A) ®A Symm^ = B®^ Symm^. 

Let _L = FU and T = UF. We have the unit and co-unit: 

riM ■■ M = S^(M) ^ SymmAM ^B®a SymmAM = TM, 

and 

er: ±R R 
b[ri®...®rn] 1-^ 6-ri...r„. 

As in [Wei94], we may form the canonical augmented cosimplicial complex 

M ^TM ^^ T^Mpi|T^j\/""~^^M 

with face operators 

and degeneracy operators 

T*C/£FT"-^ : T"+^M ^ T"M. 

Definition 1.16. Let 



= HomA(T-M,M)^(,,^„...„,^„_^^^), 



where, for flat /x-adic A-modules M and N, and a A;-linear map a : M ® k ^ N ® k, we 
define 

HomA(M,iV)«(A) 
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to be the fibre of 



RomA{M ^ A, N iS) A) Homfc(M A;, iV fe) 

over a. 

We make E* into an SDC by giving it the product g * h = go T^/i, and is the 
dual complex to the canonical augmented complex M T*M. 

Since flat modules over Artinian rings do not deform (being free), to give a deforma- 
tion R/{B (giA A) of Rq/Bq is the same as to give the module M ®\ A the structure of 
a {B (2)A ^)-algebra, compatible with the 5o-algebra structure of i?o, and the A-module 
structure of M ®\ A. 

A {B iS)A ^)-algebra structure on module Ma '■= M ®^ A is the same as a map 

/ G HomA-FMod(TMA, Ma); b[mi ® m„] 6 • mi . . . rUn, 

satisfying 

/oT/ = foUepMA^ 
foVMA = idM^- 

Hence elements of MC£'(A) correspond to {B (8) A)-algebra structures on M A, 
compatible with Rq (recall that, for / G MCe, we automatically have CF^{f) = 1). 
Elements /i , /2 will give isomorphic ring structures precisely when we have g & E^ (A) 
such that 

TM(g)A M^A 
Tg 

TM(g)A M^A 

commutes. 

Therefore 2) efB~S)efs„/B. 

Remark 1.17. Observe that, if a; € MCe{A) gives rise to a ring R, then we have an 
isomorphism of cosimplicial complexes 

{E"{A),d^) = HomBig,A-Aig(-L*-R, R)eii06±iio...o6j_niii 

where ±nR = -L"+^i?. The natural product (/, g) ^ f o -L^+^c?, for / : _L„i? ^ R, 
corresponds to the product (a, /3) i— > a * w * /3 in E*{A). 

In particular, there is an isomorphism of cosimplicial complexes 

C*{E) ^ BeiBoi^.Ro,Ro) = HomRo(Lf°/^°,i?o), 

where L, "is one presentation of the cotangent complex. Illusie ([11171] and [11172]) 
and Andre ([And67]) define the cotangent complex using the resolution arising from the 
adjunction between algebras and sets, whereas we have used the adjunction between 
flat algebras and flat modules. However, Quillen ([QuiTO]) proves that all simplicial 
resolutions give the same object in the derived category. 
Therefore H*(£') is Andre-Quillen cohomology. 
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If Rq/Bq is smooth, and lifts to some (/i-adic) smooth algebra R/B, then we have a 
morphism of SDCs 

HomB-FAlg(-R, -R)id E'^-i 

where the complex on the left has the same object at every level, the obvious multipli- 
cation map, and all face and degeneracy operators given by the identity. Since R/B is 
smooth, this is a quasi-isoniorphism, so the first complex also describes deformations of 

Rq. 

1.2.2 Deformation of sheaves — Cech resolution 

Take a sheaf of /c-vector spaces .^q on a topological space X. The deformation functor 
will associate to A, flat sheaves of ^-modules such that 'S' k = modulo 
infinitesimal isomorphisms. 

Take an open cover il of X such that Ui^ Ui^ r\ . . . H Ui^ is contractible for all 
ii,...in- Examples for which this is possible include X a manifold or a geometric 
simplicial complex. Set 

i 

We have inclusion maps Ui : Ui ^ X, so may combine them to give u : X' ^ X . 

Now, since flat modules do not deform, there are, up to isomorphism, unique //-adic 
A-modules yii lifting T(Ui,^o). Combining these, we obtain a sheaf ^ on X' with 
^ k = u~^^o, and there is an adjunction 

SM(X') Tt^ SM(X) . 

with unit 

r{u, u^u-^^) = JJ r(c/ n Ui, ^) 

i 

YiPu,unUi{f), 

i 

and co-unit 

ll{^j)\u,i=r{Ui,u-^u,^) ^ 
j 

Definition 1.18. We define the SDC E* by: 

= HomA(^, 

where a" = ti~^(a(u^u-i^n-i o . . . o a^^,), with the SDC structure arising exactly as 
in the previous section (modulo contravariance). 



OL : =^ 

r(c/,^) 



/ 
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Now, to give a sheaf ^ of A-modules on X, such that u = ^ (8)a A, is to give 
transition functions 

0ji:J<i0A^ (g) 

satisfying 

dkj ° dji = Gki', Oil = id. 
This is precisely the same as a map 

e : ^ (g) A ^ u~^u^{^ (g) A), 

satisfying 

(■u~^u*e) 06 = u~^au,^A 00; ^j,o@ = id^. 

If wc inchidc the additional condition that these transition functions must be com- 
patible with those of ./^q, mod xu-a, then we have precisely an element of MCEiA). It is 
easy to see that equivalences of transition functions correspond to elements of E^{A), 
acting via the adjoint action. 

Note that we may regard as 

r{X', J^oniAiJ^, {u-\,)''{J^))a^), 

and that setting 

with tangent space C"((f), we have that the chain complex C*((f) is a flabby resolution 
of the sheaf Jifomki^o-, -^o) (it is, in fact,a version of the Cech resolution), so that 

E.\E) = ff(C'(E)) = m\X,C'{^)) = Jfomfe(^o,-^o)), 

as expected. Equivalently, 

(C'(E)) = Ext*fe(^o,-^o) = jromfc(^o,-^o)), 

since we are working with sheaves of vector spaces over k, so J^oruk is exact. 

2 A Procedure for Computing SDCs 

In this section we make formal the approach which has been used so far to compute 
SDCs. The idea is that we throw away properties of the object which we wish to deform, 
until we obtain something whose deformations are trivial. 

Throughout this section, we will encounter functors V : Ca ^ Cat. We will not 
require that these functors satisfy (HO) (the condition that F{k) = •). 

Definition 2.1. Given a functor V : Ca ^ Cat, and an object D G ObI>(fc), define 
'^^fv,D ■ Ca Grpd by setting 2)efx,,D(^) to be the fibre of V{A) V{k) over {D, id). 

All the deformation problems we encounter are of this form. 
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Definition 2.2. We say a functor B : C\ ^ Cat has uniformly trivial deformation 
theory if the functor Mor^S is smooth and homogeneous, and the functor Cmpts-S is 
constant, i.e for A ^ A' m C\, B{A) B{A') is full and essentially surjective. A typical 
example of such a functor is that which sends A to the category of flat ^-modules. 

Observe that, if B is uniformly trivial, then given B G Oh B{k), we may lift it to 
B G Ob;B(A), and we have an equivalence of functors of groupoids 

{B,MorB{B,B))^^tfs,B- 

2.1 The SDC associated to a monadic adjunction 

Assume we have a monadic adjunction 

_JJ 
V ~T^ B , 

F 

with unit rj : id ^ UF = T and co-unit £ : FU — > id, such that B has uniformly trivial 
deformation theory. Then, given D G 'D(k), let B be any lift of UD to fi(A), and define 
the SDC E* by 

£;- = HomB(T-S,S)t;(,,o...oe,„_i,), 

the fibre of 

Homs(T"S,B) ^ HomB(fe)(T"i?(A:),i?(A:)) 

over U (ed o . . . o £_|_n-i£,). 

We make E* into an SDC by giving it the product g * h = g o T"^, and £'* is the 
dual complex to the canonical augmented complex B ^T*B. Explicitly, for g e E"-, 

d\9) = goT'-^Uspyn-iB 

Tiieorem 2.3. With the notation as above, we have an equivalence of functors of 
groupoids 

Proof. Since the F -\ U is monadic, we have an equivalence K -.V ^ B^ . Now observe 
that MCb is precisely the fibre of 

ObH^ ^ ObS^(fe) 

over K{D) (note the comment after Lemma 1.7 gives cr^{oi>) = 1), with morphisms in 
the fibre 

6^ ^ B'^ik) 

over (K{D), id) corresponding to E^ acting on MCe via the adjoint action. Hence 

Seffi = S)cfBT_^p). 
But K -.V ^ B~^ is an equivalence, giving an equivalence 

□ 
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Observe that this result is precisely the same as the description above of deformations 
of algebras, and that the dual result (for comonadic adjunctions) describes deformations 
of sheaves. 

2.1.1 Deformation of sheaves — Godement resolution 

Take a sheaf of fc-vector spaces on a site X with enough points. In examples, we 
will be considering the Zariski or etale sites of a scheme, or the site associated to a 
topological space. The deformation functor will associate to A, sheaves J^a of flat 
^-modules such that k = .^q, modulo infinitesimal isomorphisms. 

Let X' be the set of points of X. Since X has enough points, the inverse image 
functor Shf (X) YIxgX' Shf (x) reflects isomorphisms. Exphcitly, this says that a 
morphism Q : ^ ^ ^ oi sheaves on X is an isomorphism whenever the morphisms 

'■ -^^x —>■ ^x are for all x ^ X' . In the reasoning which follows, it will suffice to replace 
X' by any subset with this property. 

If we are working on the Zariski site, we may take X' = U^-gx ^- etale site, 

we may take 

xex 

where for each x € X, a geometric point a; — > X has been chosen. For Jacobson 
schemes, we may consider only closed points x e X. We define the category Shf(X') 
byShf(X') := UxeX'Shi{x). 
There is an adjunction 

Shf(X')^T^Shf(X), 

u* 

the maps Ux '■ x ^ X combining to form maps u* : Shf(X) — > Shf(X'), and 
■u* : Shf(X') Shf(X) given by = Haiex' '"a;*=^a;- Observe that the category of 

flat ^-modules on X' has uniformly trivial deformation theory. 

It follows from Theorem 0.35 that this adjunction is comonadic, and from Theorem 
2.5, the SDC governing this problem is 

E"" = HomA(^, {u*u^)''{^))an, 

where =yf is a fiat /x-adic A-module on X' with ^ (g) A; = u*^o, and 

a" = ii*(Q;(„,u*)n-i^o ° ■ ■ ■ ° O'^o)- 

To see this more clearly in the case of a topological space, observe, as in [God58], 
Remark II. 4. 3. 2, that an element n G T{U, u~'^u^jy) can be represented by a function 
of the form 

n{xQ,xi) G J/xi, 

defined on a set of the form 

xq eU; xi e U{xo), 

where U{xo) is some open etale neighbourhood of Xo in X. Two functions ni,n2 define 
the same section if they agree on some set of the above form. 

Thus an element Q of MCe{A) can be regarded as local transition functions; given 
n G we obtain, for some etale neighbourhood U of x, @{n)xy G ^ for all y e U, 
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which can be regarded as hfting the germ and then projecting down to each stalk. The 
Maurer-Cartan equation is transitivity, and, as before, guarantees that @{n)xx = n. 
Again, we get 

B.\E) = ff(C*(E)) = m\X,C*{^)) = B.\X,Jfomki^Q,^Q)) = Ext|(^o, -^o), 
as expected. 

2.1.2 Deformation of co-algebras 

Given a flat (co-associative) co-algebra (with co-unit) Co/k, we wish to create an SDC 
describing flat deformations Ca/-A such that Ca '^a k = Cq, modulo infinitesimal iso- 
morphisms. 

There is, up to isomorphism, a unique flat ;u-adic A-module M such that 
M (g)A k = Cq. There is an adjunction 

V 

A-FCoAlg ~r^ ^-FMod , 
G 

between the category of flat co-algebras over A, and the category of flat modules over 
A, where V is the forgetful functor and the free functor G exists by the Special Adjoint 
Functor Theorem (since ^— FCoAlg has all colimits, and V preserves these). Note that 
in this case the free functor is hard to write down explicitly, but this is unnecessary for 
our purposes. See [Swe69] for such a description. 

By the Theorem 0.35, this adjunction is comonadic, so that deformations of Cq are 
given by the SDC 

= HomA(M,±«M)t;(„^_^^^,...o,^^). 
2.2 The general approach 

In general, we will not be able to pass from the category I> to a category B with 
uniformly trivial deformation theory via a single monadic or comonadic adjunction. 
However, we should be able to pass from V to some B via a chain of monadic and 
comonadic adjunctions. 

Not only should we have monadic and comonadic adjunctions, but, informally, the 
forgetful functors should commute with one another. More precisely, assume that we 
have a diagram 

u 



V 




T 




£ 






F 






H 


G 


U 


V 




A 




T 





F 

where B has uniformly trivial deformation theory, with F -\ U monadic and G \- V 
comonadic. Let 

Th = UF ±h = FU 

±v = VG Tv = GV, 
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with 

: 1 — > Th, 7 : J-v — ^ 1, £ : _Lh — ^ 1 and a : 1 — > Ty. 
The commutativity condition is that the following identities hold: 

GU = UG or FV = VF (1) 

UV = VU (2) 
Ve = eV or Ua = aU (3) 
Vr} = riV or Uj = jU. (4) 
Observe that the adjoint properties ensure that identities on the same line are equivalent. 

Lemma 2.4. For E € £, A € A, consider the diagram of isomorphisms given by the 
adjunctions: 

RomT){FE,GA) 
RouiAiVFE, A) RomsiE, UGA) 

}lomj^{FVE,A) }lom£{E,GUA) 

}iomB{VE,UA). 

The identities (l)-(4) ensure that all squares in this diagram commute. In particular, 
for any B E B, the map 

VBOjB- VGB UFB 

corresponds to a map 

Pb = s^GFB ° FGrjB = GF'jB o apGB '■ FGB GFB, 

with 

7ThS o UV{pb) o rj±^B = VBO -fB, 
U{pB)or]GB = G{r]B), 
IFB o V{pb) = F{^b)- 

By the naturality of e : ±h — > id, we have e o (J-h^) = e o (eJ-h), so we obtain a 
canonical map e" : ±^ ^ id, given by any such composition of e's. [For instance 

e^ = eo{l.^e)o...o(l.l-^e) 

is one such composition.] We have similar maps for each of the units and co-units, 
giving: 

: ±g ^ id, r?" : id ^ Tl 

a'* : id ^ T^, : ±^ ^ id 
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Let 

S = UV{p) : Th±v ^ ^vTh. 

Since S is natural, 

((^±vTh) o (Th±v<5) = (^vTh5) o (5Th±v). 
Therefore any composition of (5's gives us the same canonical map 

rm.n . -rrn i n ^ i ri-rm 
• ' h -"-v ^ -"-v ' h • 

Theorem 2.5. Suppose we have a diagram as above. Then, for D G Oh'D{k), let B he 
any lift of UVD G OhB{k) to Obi3(A) (hy the hypothesis on B, such a lift must exist 
and he unique up to isomorphism). Set 

= HomB(Th-B,_L"S)[/y(Q,«o£2,)- 

We give E* the multiplication 

g*h = lJi{g)o5^^-oT^{h), 

and E^ gets its simplicial structure from the diagonal of the canonical double augmented 
complex 

Explicitly, for g E E'^, 

cr'ig) = -Lv7±«-*-is05oTfj??T;^-*-is- 

Then 

Proof. First observe that this is, indeed, an SDC. We need to check that the product is 
associative. For f e S'',g e S'^, h e S'", we have 

= ±^(±™/ o S^'"" o Tig) o 5'+"*'" o T^+'^h 

= {f*g)*h. 

We now have a lemma: 
Lemma 2.6. To give a map f : T^B — > J-yB satisfying the Maurer-Cartan equation 

±v/ o <^ o Th/ = VacB o / o UepB 
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is the same as giving maps : T^B — > B and (f> : B —> -LyB satisfying the Maurer- 
Cartan equations: 

0oTi,e = OoUepB 
_Ly(/) 0(f) = VacB o 4>, 

and the compatibility condition 

-LyO oSb o Th<^ = (f)o9. 

Proof. ( Of Lemma.) 

Given such an /, we have 

/ = lUB ° Vacs ° f °U epB ° m^^B 

= lUB o -l-v/ o (5b o Th/ o r]T^B 

= f ° 7ThS o5bo r]±^B ° f 

= f oVb o^B o f- 

Let (p = f o rjB, and 9 = "Jb ° f ■ Now, 

7B O 7_L^B o ±yf o (5b o Th/ = 7B o 7±vB ° ^"GB ° f °U sfb 

1B° f ° 7ThB o (5b o Th/ = ^BO f o UepB 

7B o / o [/ (7^B o V{pb)) o Th/ = -iB° f ° Uefb 

7b0 f ° Th7B o Th/ = -fB° f °U £fb 

OoT^e = OoUefb, 

using the Maurcr-Cartan equations and Lemma 2.4. Similarly we obtain the Maurer- 
Cartan equation for cp, and finally 

±^6* o (5b o Th^ = -Lv7B o -Lv/ o (5b o Th/ o Th7?B 

= -Lv7B o ^"GS o / o UepB o Th77B 

= / 
= (f)o9. 

Conversely, given such 9 and ^, set / = </> o 0. We obtain: 

-Lv/o(^BoTh/ = _Lv(^ o _Ly^? o (5b o Th(/) o Th^ 
= _Lv0 o (p o 9 o Th^ 
= VacB ° <P ° ° Uefb 
= VaoBofoUsFB- 

□ 

Recall, from the comment after Lemma 1.7, that every element / of MCb(^) must 
satisfy CF^{f) = 1, which in this case is ^b ° f °f]B = id. This means that the pair {9, (p) 
above satisfy 9 o rjB = id, and 'Jb ° = id. 
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We obtain an adjunction 

V 
G 



f 

\ E J 

G(g)oU(pB) 

GB j 



f ThVE \ 

Vf 

\ VE I 

( Ti,B \ 



\ B J 



and such a pair {9, cf)) is precisely the same as an element of {B^^)-^^ . Wc also have a 
correspondence between the action of on MC^; and morphisms in {B^^)^" , so that 
SDefe corresponds to the fibre of 



over the image of (L',id). 
Now, the equivalence 



K : A 
A 



/ T^UA\ 



UsA 

\ UA J 

arising from the monadic adjunction F -\U satisfies 

/ ^^UA\ 



UKA 



VG 



UsA 



Moreover, 



UUsA o VU{pua) 



\ UA J 

±^UeAoVU{puA) 

V ^vUA J 



= UV{G£A o {egfua o FGriuA)) 

= UV{{eGA o FUGea) o FGvua) 

= UViEGAoFGiUeAorjuA)) 

= UVieoA), 
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so 



±yKA = UViCGA) 

This induces an equivalence of categories 



But G I- F is comonadic, so 



is an equivalence. Thus we have an equivalence of groupoids 



□ 



Given a category P, we now need a procedure for finding a category S with uniformly 
trivial deformation theory. We do this by thinking of the functors U and V as being 
forgetful functors, and looking for structure in T) to discard. 

Definition 2.7. Given a category B : Ca ^ Cat, define a set of structures E over B to 
consist of the following data: 

1. A finite set S = S+ U S", 

2. For each subset 5" C S, a category 0"^, with B^ = B, 

3. (a) for each s G S+ and each 5 C S not containing s, a monadic adjunction 

Us 

1^su{s}^YZB^ . 

(b) for each s € S~ and each S C S not containing s, a comonadic adjunction 

satisfying the commutativity conditions given below. 
For s G S"*" we write 



with 

For s G we write 
with 



T, = U,F, and ±., = F,U, 



r/s : 1 -> Ts and : ±s -> 1. 



-L, = VoG, and T, = G,Vo. 



75 : ±5 ^ 1, and : 1 -> T^. 
The commutativity conditions are that the following hold: 



30 



1. For each distinct pair si,S2 G S+, and each S C S not containing si,S2, the 
morphisms in the diagram 



Ui 



g5U{si,S2} T g'S'U{s2} 
Fi 



U2 



F2 



U2 



qSu{si} 



Ui 



F2 



Fi 



satisfy 



F1F2 = F2F1 or U1U2 = U2U1 



Uie2 = e2Ui 



1/281 = eiU2 
U2rii = 'niU2- 



2. For each distinct pair si,S2 £ 5] , and each S C S not containing si,S2, the 
morphisms in the diagram 



qSU{si,S2} 



Vi 



■ qSU{s2} 



V2 



G2 



V2 



G2 



]gSu{si} 



Gi 



satisfy 



G1G2 = G2G1 or V1V2 = V2V1 



Via2 = a2Vi 
V172 = 72^1 



V2ai = aiV2 
V2J1 =71^2- 



3. For each si G S+ and S2 G S , and each 5 C S not containing si,S2, the 
morphisms in the diagram 



u_ 

g5U{si,S2} -p 



G 



1/ 



G 



satisfy 



G[/ = UG or = 

uv = vu 

Ve = eV or J7a = a?/ 
Vr] = r]V or = ^U. 
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Lemma 2.8. Given a set of structures S over a category B, we have a diagram 



u 







F 




H 


G V 


H 




U 





, T " g, 
F 

satisfying the equations (l)-(4) on p. 26, with F -\U monadic and G\-V comonadic. 

Proof. We define F (resp. U) to be the composition of the Fs (resp Ug) for all s G S"*", 
noting that the order of composition does not matter, since these functors commute 
with one another. We define G and V analogously. It is immediate that F -\ U and 
G\- V are adjoint pairs, and that the commutativity conditions (l)-(4) are satisfied. 

It thus remains only to show that F -\U \s monadic, and G \- V comonadic. This 
can be done by using a similar approach to the proof of Theorem 2.5. The statement is 
that B^^ ~ where T+ = FU , which is proved by induction on the cardinality of 
T.+. □ 



Remarks 2.9. 1. This lemma shows that every set of structures can be replaced by a 
set of at most two elements, so it might seem that introducing the notion of a set 
of structures was not helpful. However, it is frequently easier to find the individual 
adjunctions than the composites, as will be seen in later examples (notably the 
deformation of a group scheme in Section 3.6). 

2. When considering those deformation problems for which DGLAs have been suc- 
cessfully constructed, it seems that there is a set of structures which is either 
wholly monadic or wholly comonadic. 



2.2.1 Deformation of Hopf algebras 

Given a flat (associative, commutative, co-associative) Hopf algebra (with unit and co- 
unit) Ro/k, we wish to create an SDC describing fiat deformations Ra/A of Ro such 
that Ra ®a k = Rq, modulo infinitesimal isomorphisms. 
The structures are: 

i;+ = {Algebra}, = {Co-Algebra}, 

over the category of flat ^-modules. 

This gives the following commutative diagram of monadic and comonadic adjunc- 
tions: 

A-FHopfAlg T ^-FCoAlg 



T 

Symm^ 



G 



^-FAig ; 



T 

Symm^ 



A-l 



Mod, 
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where ^— FHopfAlg is the category of fiat Hopf algebras over A, ^— FCoAlg is the 
category of flat co-associative co-algebras with co-unit and co-inverse over A, and G is 
the free co-algebra functor of Section 2.1.2. Since we cannot describe G explicitly, we 
use the alternative form of the axioms involving Symm^ instead, when verifying the 
conditions of Theorem 2.5. 
We thus obtain the SDC 

= HomA((Symm;v)"^>G'''^)a"oe", 

where M is the flat /x-adic A-module (unique up to isomorphism) lifting the A;-vector 
space Ro- with the canonical maps 

: (Symmfc)"i?o ^ Ro, a"" : Rq ^ G'^Rq 

associated to Rq. 



3 Deformation of Schemes 



Given a flat /i-adic system of schemes S^/SpecAn, and a flat scheme Xq/Sq, our de- 
formation functor consists of flat schemes Xa/Sa such that Xa XgpccASpecA; = Xq, 
modulo infinitesimal isomorphisms (isomorphisms which pull back to the identity on 
Xq), where 6 = lim5^ and 5^ = © Xspf a Spec^: 



^0 



/ flat 



So 



Xa 



flat 



Sa. 



Since the topological space \Xo \ underlying Xq does not deform, this is just a question 
of deforming the sheaf of algebras. Observe that, since Xq is flat over 5*0, any scheme 
Xa/ Sa deforming X, and flat over A, will necessarily be flat over Sa- It therefore suffices 
to deform as an ^5^-algebra, flat over A. 

In the notation of Section 2.2, we have the set of structures 

S+ = {Algebra, -Module}, S~ = {Xo-Sheaf}, 

over the category of sheaves of flat ^-modules on Xq, where Xq is defined as in Section 
2.1.1. To these structures correspond the monadic and comonadic adjunctions 

{Symm^ H U, &e (^a H U}, h ti"^}, 

where U denotes the relevant forgetful functor. 

This yields the following diagram of Cat-valued functors: 



^5^\(A-FAlg(Xo)): 



T 



>l-FMod(Xo) 



^5^\(A-FAlg(X^)): 



T 



^S®ASymm^ 



A-FMod{X(y) 
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where we write for the sheaf f^^^e (resp. f^^&o) on Xq (resp. Xq), and 
FAlg) consists of those ^y^-algebras which are flat over A. The only non- 
trivial commutativity condition is the observation that pull-backs commute with tensor 
operations. 

Hence, by Theorem 2.5, deformations are described by the SDC 

= HomA((^6 ®A Symm^)"^, (tt"^u*)"^)„-i(„no£n), 

where ^ is a lift of the sheaf u^^^^Xq of vector spaces on Xq to a sheaf of flat ^u-adic 
A- modules, and Q;",e" are the canonical maps ■>^^x ™ Theorem 2.5, given by the 
adjunctions. 

Remark 3.1. Observe that the description above allows us to construct an SDC govern- 
ing deformations of a sheaf of algebras on any site with enough points. This is more 
general than the problem in [Hin05] for which a DGLA was constructed. 

Define a sheaf of SDCs on X by 

(f" = u^J^omAii^e Symmy^)"^, (u~^'u*)"^)u-i(Q,no£m). 
Combining the observations in Sections 1.2.1, 2.1.1, we see that this has tangent space 

C-(^) = u,!:^erff^^{{Gso'^kSymmj,r+\-'i^Xo,{u-'u,ru-'Gxo) 
- ^er^,^ ((^5o ®k Symmfc)"+Vxo, K^x-i)"+Vxo) 

X Is 

where L, ' " is the standard form of the cotangent complex, as described in [11171], and 

denotes the Godement resolution. 

Since C"((f) has the structure of a diagonal complex of a bicosimplicial complex, 
it follows from the Eilenberg-Zilber Theorem that it is quasi-isomorphic to the total 
complex of the double complex 

Therefore the cohomology of our SDC is 

ff(C'(£;)) = ff(r(Xo,C*(cf))) ^Ext'^^^(L^°/^°,^Xo), 

which is Andre-Quillen hypercohomology, the second isomorphism following because 
j^Xo/So locally projective as an -module, and ^*(^Xo) is flabby. 

3.1 Separated Noetherian schemes 

If Xq is separated and Noetherian, then we may replace Godement resolutions by Cech 
resolutions. Take an open affine cover (Xq,)q!g7 of Xq, and set X := ]J^^j Xa- We then 
have a diagram 




Xq — ^ Xq. 
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Since v~^^Xo = ^ quasi-coherent sheaf on X, Ext*(i^jf , i^^) = for all z > 0, 

so deformations of the sheaf i^j^ of /c- vector spaces on X arc unobstructed and we may 
lift v~^Gxii ^° some sheaf ,JV of flat yU-adic A-modules on X, unique up to non-unique 
isomorphism. There must also be (non-canonical) isomorphisms u~^J/' = v'~^ ^ . If 
we define E* by 

= HomA((^e ®A Symm^)"^, (?;"^i;*)''-^)„-i(a»o£"), 
and F* similarly, replacing v by w, then we have morphisms of SDCs 

7*/ T- - 

_p» 

To see that these are quasi-isomorphisms, let := ^^^^ (L^"^'^", i^Xo)) which 

is a complex of quasi-coherent sheaves on Xq, and observe that the induced maps on 
cohomology are 

M\Xo, n\Xo, ^ W{Xo, ^•). 

The final map is an isomorphism since Xq is separated and Noetherian, so Cech coho- 
mology agrees with sheaf cohomology. 

3.2 Smooth schemes 

If Xq/ Sq is smooth, then the cohomology groups are just W{Xq, -^Xa/So)-! the cohomol- 
ogy of the tangent sheaf. If Xq is also separated and Noetherian (for instance if Sq is 
so), then we may lift X to some smooth |Lt-adic formal scheme X over 6. 
Consider the diagram 

^5^\(^-FAlg(X))^^5^\(^-FAlg(Xo)) ; 

V* 

although the former category does not have uniformly trivial deformation theory, all 
the morphisms in it which we encounter do, which gives us an SDC and canonical maps 

Hom^g_Aig(^je'(^ ^^*)"^ie)^-i{°") 

which give a quasi-isomorphism of SDCs. 
Explicitly, we may write our SDC as 

= n r(X„„,...,,„, Jfom^^_Aig(^x„„,^:^„Jid), 

aQ,...,an&I 

where Xao,...,a^ = fllLi ^a,, and X = ]JXa. The product is given by 
and operations are 

{p <^)ao,...,a„+i = (t^ao,...,ai-\,a^+\,...,an+'^ 
ip^ '^)ao,...,a„_i = ^ao,...,ai,ai,...,an-i 
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3.3 Deformation of a subscheme 



The standard application of the previous section would be to set Sn = SpecA^. How- 
ever, exactly the same proof applies to a far wider class of problems. Rather than 
requiring both Xa/Sa and S/Spf A to be flat, we only used the fact that X A/Spec A 
was flat (flatness of Xa/Sa then being automatic, since Xq/Sq flat). This gives us the 
following immediate generalisation: 
Given 

Xo ^Yo 



flat 



flat 



for flat //-adic families 



So 



Spec A;, 



2) ^ 6 ^ Spf A, 



let Ya ■= 2) (8iA A, Sa '■= © <8iA A, and consider deformations 

^0 Yo . 




such that Xa C5)a k = Xq. 

Thus we need to consider i^y^-algebras deforming i^Xo, flat over ^Sa- These are the 
same as -algebras deforming ffxo^ flat over A. 

We have the set of structures 

S+ = {Algebra, -Module}, = {Xo-Sheaf}, 
over the category ^4— FMod(Xo), giving the diagram: 



^y^\(A-FAlg(Xo)) 



T 



A-FMod(Xo) 



'^a)®ASymm^ 



^y,\(A-FAlg(X^)) 



A-FMod(X^) 



^a)<8)ASymm^ 

and we obtain the same SDC as before, with 6 replaced by 2) . Hence deformations are 
described by the SDC 

= HomA((^2) Symm^)"^, (tt"^w*)"'^)u-i(a"o£"), 
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for a flat /it-adic A-module ^ lifting u'^Gx^- 

In particular this applies to deformation of a subscheme Xq > Iq; since a flat 
deformation of a subscheme as a Y^-scheme will be a subscheme. If ^ Yq is a 
regular embedding (e.g. if Xq and Iq are both smooth over Sq), then the cohomology 
groups will be 

ff(C-(£;))=ff+i(Xo,^Xo/yo)> 

where JVxf^lY^^ is the normal sheaf. 

If Xq and Yq are both smooth over Sq, we can simplify the SDC of Section 3.1 still 
further. Consider the diagram 

^y^\(A-FAlg(Xo)) , T ' ^5^\(A-FAlg(Xo)) 



^y^\(A-FAlg(X)) , T ^5^\(^-FAlg(X)). 

Although the last category does not have uniformly trivial deformation theory, all the 
morphisms in it which we encounter do. If we let (/t))®" denote the canonical ring 
homomorphism ®ee ~^ then there is an SDC and a quasi-isomorphism 

Hom^g_Aig(^J''®''®^g 

The map is defined by composing the maps SymmA(^^" (g) ff^ — > ff^ (g) ff^^ arising 
from the natural ring structure on the tensor product. 
Explicitly, we may write our SDC as 

ao,...,an&I 

The product is given by 

{(f) * ^)ao,...,am+n(''l ® Tra+n ® o) = 

(ri (gl . . . (g) (g) 1pam,-,am+n{rm+l (g • • • g* rm+n ® «)) , 

and operations are 

(5V)ao,...,an+i(n (g . . . (g r„+i a) = 
0ao,...,ai-i,ai+i,...,a„+i(n (g • • • Tj-i (g (^^+1) (g ri+2 ■ ■ ■ (g Tn+i (g a) 

(o-V)ao,...,a„_i (ri (g . . . (g rn_i (g a) = 
0ao,...,Q;i,ai,...,a„_i (ri (g . . . (g n (g 1 (g r^+i . . . (g Tn-l (g a). 

To see that the map is a quasi-isomorphism, observe that the Eilenberg-Zilber The- 
orem allows us to regard the cohomology of E as hypercohomology of the complex 

^Xo/So ~^ /*=^o/5o which is quasi-isomorphic to the tangent complex of the mor- 
phism Xq —> Yq. Note that this SDC works for any morphism of smooth schemes, not 
only for embeddings. 
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3.4 Constrained deformation of schemes 

Given a morphism of flat fi-adic schemes 3—^2) over S, and a diagram 

Zq Xq Yq 

over ^o, with fg = h, our deformation functor consists of diagrams 

Za^Xa^ Ya, 

over Sa, with Xa Sa flat and /a^SA = h, which pull back along 5*0 Sa to our 
original diagram. Here, Za is the scheme 3 xspf A Spec A, and Zq = Z^. An example 
of such a deformation problem would be deformations of a subscheme, constrained to 
pass through a fixed set of points. 

Since the topological space \Xq\ underlying Xq does not deform, it suffices to deform 
as an ^y^-algebra with an ^^^-augmentation, flat over A. 

In the notation of Section 2.2, we have the set of structures 

S"*" = {algebra, ^y^-module}, E~ = {Xo-sheaf, i^^^-augmented}, 

over the category of sheaves of flat A-modules on Xq, where Xq is defined as in Section 
2.1.1. 

To these structures correspond the monadic and comonadic adjunctions 

{Symm^ H U, (^a H U}, {u* I- ^3 x h V}, 

where U, V denote the relevant forgetful functors. 

This yields the following diagram of Cat-valued functors: 

^y^\(^-FAlg(Xo))/^z^ , T ' A-FMod{Xo)/Gz^ 

^2)®ASymm^ 



7z, xu» 



^rAU-FAlg(X)) , T ' A-FMod(X). 

where we write Gsq for the sheaf /"^i^sg (resp. f~^G<x)), and ^3 for the sheaf (7*1^3 
(resp. u^^g^ff-^) on Xq (resp. Xq). The category ^y^\(yl— FAlg)/^^^ consists of 
those ^y^-algebras which are flat over A, and equipped with an augmentation to ^z^, 
compatible with h^. The only non-trivial commutativity condition is the observation 
that pull-backs commute with tensor operations. 

By Theorem 2.5, this deformation problem is governed by the SDC 

= HomA((^a) Oa Symm^)"^, (^3 x u~^u*)"^)„-i(c,no£n), 

where ^ is a lift of the sheaf W^ffxo of vector spaces on Xq to a sheaf of flat jU-adic 
A-modules, and a",e" are the canonical maps ,£^^ in Theorem 2.5, given by the 
adjunctions. The cohomology is 

Ext^^^^(L^»/^<',^Xo^5*^Zo[-l]), 
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If Xq and Yq are both smooth over Sq, we may consider the diagram 



ffY^\{A-FAlg{Xo))/ffz^ , T ' ffsA{A-FAlg{Xo))/ffz^ 



^y^\(A-FAlg(X))/€?z^ 



ffsMA-FAlgiX)). 



All the morphisms which we encounter in the last category have uniformly trivial de- 
formation theory, allowing us to replace this SDC by 



aQ,...,a„&I 



since cohomology in this case is hypercohomology of the complex 

3.5 Deformation of a pair 

Given a flat /x-adic formal scheme 6, and flat schemes 



/o 



So, 



let Sa ■= © xspf A Spec^. Our deformation functor consists of (infinitesimal) isomor- 
phism classes of: 




such that Xa XspecA Specfc = Xq, Ya xspecA Specfc = Yq, and fA^Ak = fo. 
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In this case, we obtain the SDC from the square of adjunctions 



/^s^\(^-FAlg(yo))\ 
\&sMA-FAlg{Xo))) 

/ffsMA-FA\g{Y^))\ 
\^sMA-FAlgiX',))J 



T 



T 



/^-FMod(yo)\ 

A 
JO 

\A-FMod{Xo)J 

/A-FMod(ro')\ 
\A-FMod(X^)/ 



where for categories A, B, with a functor F : A ^ B, (A — > S) is the category whose 
objects are triples 

{A,B,FA^B), 

and whose morphisms are pairs f : A ^ A' , g : B ^ B' such that the following square 
commutes: 



FA 
Ff 
FA' 



B 



B'. 



3.6 Deformation of a group scheme 

Given a group scheme Go/k, we consider deformations 

Go ^ Ga 

flat 

Spec A; > Spec^, 



where Ga is a group scheme over A with Ga ® a k = Gq. 

Since the topological space |Go| does not deform, we need only consider deformations 
of as a sheaf of Hopf algebras. The structures are: 

E+ = {Algebra}, = {Go-Sheaf, Co-Algebra}, 

over the category of sheaves of flat A-modules on G'q. 

This gives the following commutative diagram of monadic and comonadic adjunc- 
tions: 

^-FHopfAlg(Go) " 



T 

Symm^ 



Qou* 



A-FCoAlg(Go) 



Qou* 



A-FAlg(G(,) 



T 

Symm^ 



>l-FMod(G(,), 
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where ^— FHopfAlg is the category of flat Hopf algebras over A, ^— FCoAlg is the 
category of flat co-associative co-algebras with co-unit and co-inverse over A, and Q is 
the free co-algebra functor of Section 2.1.2. We thus obtain the SDC 

-B" = HomA((Symm^)"'^, (-u* o Q o n~-'-)"^)u-i(ano£n), 

where ^ is the lift (unique up to isomorphism) of the sheaf u~^&Go of A;- vector spaces 
to a flat /x-adic sheaf on G', with a"',e"' the canonical maps 

: (Symmfe)"£?Go ^ ^Go, : ^Go ^ o Q o u-^'&Go 
associated to ^Gq- 



3.6.1 Deformation of a sub- (group scheme) 

The problem is now, given a flat /Lt-adic formal group scheme over A, to deform a 
sub-(group scheme) Gq ^ Hq as a sub-(group scheme) of Ha '■= <8)a A, flat over A. 
In fact, we will not need to assume that Go — > is a subscheme — any morphism will 
do. The picture is: 

Go — ^ Hq 




Spec A, 



all morphisms as group schemes over A. 
The structures are: 



S+ = {Algebra, ^ij^-Module}, = {Go-Sheaf, Coalgebra}, 
so the diagram 

^H^\(A-FHopfAlg(Go)) , T ' ^-FCoAlg(Go) 

® ASymm^ 



QoUa, 



^H^\(yl-FAlg(G[,)) T yl-FMod(G^) 

gives us our SDC, 

= }iom\{{ffs) ®A Symm^)"^, {u^oQo ■u"^)"^)„-i(ano£n). 

3.7 G-invEiriant deformations 

Given a flat /x-adic formal group scheme i8 over Spf A, a flat /x-adic formal scheme T/A, 
and a flat scheme Xo/k, with a morphism Xq -^Tq, and compatible group actions 



TxAg^T, r:XoXfcGo^Xo, 
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where Gq = (3 ®\ k, we seek deformations 




where = T ®a A and Ga = © (2>A A, together with a compatible group action 

Xji Xa Ga Xa- Since the underlying topological space does not deform, we need 
only consider Gyi-linearised sheaves of algebras, i.e sheaves with co-associative maps 
^ ®A ^Ga): deforming ^Xo- 

The structures are: 

5]+ = {Algebra, i^Ta -Module}, = {Xo-Sheaf, GA-hnear}, 

where a G/i-hnearised module is a module M equipped with a co-associative morphism 

M ^ M^^Ga- 

The relevant diagram is then: 

^rA\((^-FAlg(Xo))«-4) ^ T ^ (^-FMod(Xo))«^ 



Rou* 



Rou* 



&TA\{A-FA\g{Xl,)) 



;^^-FMod(X^), 



^S®ASymm^ 

where (A— FMod)*^^ denotes GA-linearised module, and R is the co-free functor 



whose 0-action is given by: 



r*(=^ r*(^ (8> m^^e (g) ^©)) = r*(r*(J^ (8)a ^0) ^0), 

as required. The unit of the adjunction V -\ R, for forgetful functor V, is 

p:^^ RV{.^) = 0A ^0), 

where p is the structure map of as a 0-linearised sheaf. The co-unit is 

r*(id (g) e«) : VR{^) = r*(^ ®a ^o) ^ ^■ 

This gives the SDC 

= HomA((i^T (X)A Symm^)''^, {u^o Ro u~-^)"'^)u-i{a"oe")7 

where ^ is the lift (unique up to isomorphism) of the sheaf u~^ffxo of A:- vector spaces 
to a flat yu-adic sheaf on X'. 
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4 Representations of the Algebraic Fundamental Group 



Fix a connected scheme X, a geometric point x ^ X, and a ring A as in Section 0.1, 
with finite residue field k. Throughout, A will denote a ring in Ca. Denote 7ri(X, x) by 

r. 

4.1 Representations to GL„ 

It is well known (e.g. [Mil80] Theorem 5.3), that there is an equivalence of categories 
between finite 7ri(X, x)-sets, and locally constant etale sheaves on X, with finite stalks. 
There is thus an equivalence of categories between representations 

p ■ 7ri(X,x) ^ GL„(^), 

and locally constant etale sheaves V on X with stalks A". Given p, the corresponding 
sheaf Np is given by 

where is the sheaf on X whose espace etale is y, and p\T^^(Y,y) — !> which must 
happen for some Galois cover Y ^ X, A being finite. 

If we now fix a representation pQ : V ^ GL„(fc), then we have an equivalence of 
categories (or, rather, groupoids) 

^a{po) ^ 2J^(Vo), 

where IHa(po) has objects 

p = po mod m^, 

while 5J^(Vo) has objects 

V = Vo mod m^. 

In both cases morphisms must be the identity mod m^. Explicitly, a morphism in 
^a{pg) is an element g G ker(GL„(A) — > GL„(A;)), acting by conjugation. 

Hence this deformation problem is just the same as deforming sheaves of modules, 
as in Section 2.1.1, giving the SDC 

= HomA(r, (n*u*)"(r 

where Y is the lift (unique up to isomorphism) of the sheaf u^^Vq of fc- vector spaces to 
a flat /x-adic sheaf on X' . The cohomotopy groups are, of course, isomorphic to 

H*(X,^omfc(Vo,Vo)). 

Note that 

^omfe(Vo,Vo) = (7r,g[„(A;))r'''o, 
so the cohomotopy groups are 

ff(X, (Tr.fllJA:))^.^"), 
where V acts via the adjoint action. 
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4.2 Representations to a smooth Noetherian group scheme 

Fix a system {Gn/SpecAn}n£f>i of smooth Noetherian group schemes, and let G be the 
/x-adic formal group scheme limG„. Fix a representation po :T ^ G{k). 

Definition 4.1. A principal G(^)-sheaf on X is an etale sheaf B on X, together with 
an action x B — > B, where W denotes the constant sheaf G{A), such that 

^xB = BxB, {g,b) ^ {g ■b,b), 

and the stalks B^ are non-empty. 

Given a map A ^ B in Ca, there is a functorial map from G(^)-sheaves to G{B)- 
sheaves, given by 

B^G(S) x^(^) B, 
i.e. {gh,h) ~ {Kgh), for g G G{A), h G G{B) and heB. 
Definition 4.2. Given a representation p : F — > G{A), let 

Bp := y-^'^ G{A) = {7r,G{A))^'P, 

where is the sheaf on X whose espace etale is Y, and p\ni{Y,y) = 1) which must 
happen for some Galois cover Y ^ X, G{A) being finite (since G is Noetherian and A 
finite) . 

More precisely, 

' U^Y 

\ I a lift 

X 

and the equivalence relation forming Bp is (7 o u,g) ~ {u,gp{'y)), or equivalently 
rj ~ j*rip{-f). Bo := {Bp^j^^j^gN. 

Lemma 4.3. There is an equivalence of categories 

^RAiPo) ^ »a(Bo), 
where 9iA{po) has as objects representations 

p = Po mod xtiA, 
while S!a(Bo) has as objects principal G{A)-sheaves 

B = Bo mod rtiA 
on X. In both cases morphisms must be the identity mod vcva- 

Proof. We need to show that the functor $ : p Bp is full, faithful and essentially 
surjective. 

1. $ is full and faithful: 

Given : B^- — > B,-, take some finite Galois cover Y ^ X such that 'k~'^'E(j and 
are both isomorphic to the trivial sheaf G{A). Thus 'k~^{9) acts as a unique 
element a of G{A) with a = 1 mod m^, so ^ = $(a). 



^y{U ^X) = < 
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2. $ is essentially surjective: 

Given B G *Ba(IBo)) ^ is locally constant with finite stalks (since G{A) is finite), 
so there is a Galois cover Y ^ X such that 7r~-'^B is constant. Choose a geometric 
point y ^Y, above x. T acts on (Tr^-'^B)^ via: 

the first isomorphism being given by the constancy of vr^-'^B, and the other two 
canonical. This is an isomorphism of G(A)-sets , so gives an element p € 9^^(po)- 
It follows that ^ B. 

□ 



Observe that deformations of Bq as a principal G-sheaf are the same as its deforma- 
tions as a faithful G-sheaf. We have the functorial comonadic adjunction: 



Faithful G(^)-Sheaves(X) 



Faithful G(A)-Sheaves(X') 

using the canonical injection G{A) — > u.^G{A) to make faithful G(^)-sheaf. 

Observe that the second category has uniformly trivial deformation theory, G being 
smooth, so that deformations are described by the SDC 

= Hom(^, {u*u,rm)^!^^r., 

where 38 is the lift (unique up to isomorphism) of the sheaf of G(/>;)-sheaves to 

a sheaf of continuous (in the /x-adic topology) G(A)-sheaves on X' . The cohomotopy 
groups are isomorphic to 

H*(X,adBo), 

where adBo is the tangent space of ^ui(Bo) at the identity. Equivalently, 

Bo = 0X^(^) Bo = (7r,s)^>°, 



for g the tangent space of G{k) at the identity, and G{k) acting on q via the adjoint 
action, so the cohomotopy groups are 

H*(X,(7r,0)r''"'). 



5 Equivalence between SDCs and DGLAs in Characteris- 
tic Zero 

Throughout this section, we will assume that A = A;, a field of characteristic zero. We 
will also assume that all DGLAs are in non-negative degrees, i.e. = 0. 
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Remark 5.1. Throughout this section, we will encounter both chain complexes and 
simplicial complexes. In order to avoid confusion, chain complexes will be denoted by 
a bullet (C,), while simplicial complexes will be denoted by an asterisk (C*). Asterisks 
will also be used to denote complexes without differentials, so that, for a chain complex 
C,, we may write C, = (C*, d). Homology groups of a chain complex C, will be denoted 
Hj(C), while homotopy groups of a simplicial complex C* will be denoted 7ri(C). The 
dual conventions will be used for cochain and cosimplicial complexes. 

1. Consider, for simplicity, an SDC E* for which each tangent space e" := C"(£') 
is finite dimensional. Thus each is pro-rcprcscntable, by a smooth complete 
local Noctherian /c-algebra Q„, say. Since d^^^ and 9"^^^ arc defined on C^, E* is a 
cosimplicial complex, so Q* has the structure of a simplicial complex of algebras. 
The product on E* gives us a comultiplication 

*m,n • Qm+n ^ Qm®Qn-i 

satisfying various axioms, e* = Derfe((5*, A;), so 7r'(e*) = 7r*(Derjfc(Q*, k)). 

2. To give a graded Lie algebra L* (in non-negative degrees) over k is the same as 
giving the smooth homogeneous functor 

exp(L) : ^ Grp 

^ exp(0L" (g) (m^)„), 

n 

where is the category of nilpotent local Noetherian No-graded (super- 
commutative) A;-algebras with residue field k (concentrated in degree 0). Observe 
that 0^ L" (g) {m.A)n is a Lie algebra, so the formula makes sense. 

The category behaves similarly to Cfc, in that the analogue of Theorem 0.8 
holds; in particular, if L* is finite dimensional, then exp(L) can be pro-represented 
by a smooth complete local Noetherian graded fe-algebra i?*, the group structure 
making i?* into a graded Hopf algebra: 

If we take a finite dimensional DGLA L* , the the differential gives rise to a 
differential on i?^,, giving it the structure of a DG Hopf algebra i?,. Since 
L* = BeTk{R.,k), we have ff(L') = (Derfc(i?., fc). 

Hence, given the equivalence, described in [Qui69], between DG and simplicial al- 
gebras in characteristic zero, it should be possible to obtain DGLAs from SDCs and 
vice versa. Moreover, given the similarity between our cohomology groups and Andre- 
Quillen cohomology, and the result in [Qui70] that, in characteristic 0, Andre-Quillen 
cohomology can be computed by either simplicial or DG resolutions, it seems that an 
SDC should have the same cohomology as the corresponding DGLA. It is then plausible 
that they should have the same deformation groupoid. The purpose of this section is 
to make this reasoning rigorous. 
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5.1 SDCs 



Fix an SDC E*. Although each will only be pro-representable if dime"" < oo, in 
general we may make use of the following lemma: 

Lemma 5.2. Given a smooth homogeneous functor F : C\ ^ Set, let {tj : i € /} be 
a basis for tp- Then F is isomorphic to Homcjs. ~)j where TZ is the pro-Artinian 
completion of A[Ti : i G I], localised at {Ti : i G I), for formal symbols Ti. Note that, if 
tp is finite dimensional, this is just the expected ring A[[Ti, . . . ,r^]]. 

Proof. This is very similar to the proof of Theorem 0.8. A full proof in the analogous 
case of nilpotent Lie algebras (rather than Artinian rings) is given in [Pri05] Theorem 
2.24. □ 

Thus an SDC E* is equivalent to a system of smooth local complete pro-Artinian 
rings Q*, with the dual structures to those described in Section 1.1. In particular, since 
we are only considering the case A = A;, we have canonical d^^,d^^^. Explicitly: 

Lemma 5.3. Q* is a simplicial complex of smooth local complete pro-Artinian k- 
algebras (with residue field k), together with a co-associative comultiplication 

Pm,n '■— *rn,n ■ Qm+n ^ Qm^Qni 

such that Qo ^ k is the co-unit, satisfying: 

1. {di (g) id) o pjn+l,n = Pm,n ° di for i < m. 

2. (id (g) di) O Pm,n+1 = Pm,n ° dm+i fori>\. 

3. (a^+i(g)id) (id (g) So) o 

4. ((7j (8) id) O pm-\,n = Pm,n ° CTi- 

5. (id (g) (7i) o pm,n-l = Pm,n ° CFm+i- 

Of course, given a system satisfying these conditions, we can clearly recover an 
SDC as Homcts.(Q*, — ), so that we may regard this as an equivalent definition of an 
SDC. 

Remark 5.4. We say that a simplicial complex A^ of local A- algebras is Artinian if it 
satisfies DCC on simplicial ideals. This is equivalent to saying that the algebras A^i 
are Artinian, and the normalised complex N{A^) is bounded. It is easy to see that 
Q* = limQ*, the limit being over quotient complexes Q^^ Artinian. Moreover, Q^, 

is really just a shorthand for this inverse system. Thus, for any functor F, by F(Q*) 
we mean limF((5*). In particular, 7r*(Q*) := lim7r*((3*)- We will apply the same 
convention to the limits of DG complexes in the next section. 
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5.2 DGLAs 

Define C^" to be the category of nilpotent local Noetherian graded (super-commutative) 
A;-aIgebras (in non-negative degrees) with residue field k (concentrated in degree 0). 

A GLA L* over k (in non-negative degrees) gives rise to a smooth homogeneous 
functor 

exp(L):C^o ^ Grp 

A* exp(0L"(g) (mA)n). 

n 

Given a functor F : Set, define tp := F{k[ei]), where is a variable in degree 

i, with ef = 0. 

Lemma 5.5. Given a smooth homogeneous functor F : — > Set, let {ti : i E 1} be 

a homogeneous basis for tp. Then F is isomorphic to Homcj^. C^i ~)> where TZ is the 
pro-Artinian completion of the ring A[Ti : i G /]gr, localised at {Ti : i £ I), for formal 
symbols Ti G deg(ti). Note that, iftp is finite dimensional, this is just the expected ring 

A[[ri,...,T„]]gr. 

Proof. The analogue of Theorem 0.8 holds for graded rings, and this is just a generali- 
sation of Lemma 5.2. □ 

Let exp(L) be "represented" by the DG algebra %. The group structure of exp(L) 
corresponds to a graded Hopf algebra map 

p:%^ Tot {%®%), 

where 

r+s=n 

and the multiplication follows the usual (graded) convention: 

{u ® v){x ® y) = {—l)"'^ux ® vy, 
for homogeneous elements. We can, of course, recover L* from % by 

L* = Derets.(^*,fc)- 

Lemma 5.6. Conversely, given a "representable" functor G : Cj^° Grp, with tangent 
space L* , there is a canonical isomorphism 

exp(L) ^ G. 

In particular, this implies that G must be smooth. 
Proof. Let G be "represented" by %. Then 

G(A) = Homjfc_Aig(7;, A*), L" (8) {mA)n = BeTk{%,A^). 

n 
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We can embed both of these into B.omk{%, A^,), on which we define the associative 
product f * g = (/ <8) 5) o P- Now the maps 

n 



n>l 



n>0 



where e is the identity map % ^ k, give us our isomorphism. □ 

Given a DGLA L*, it remains only to understand what the differential d on L* gives 
rise to on Zj,. 

To give d is the same as giving the map 



id 

and exp(L*[ei]) is "represented" by Zi[ei]. Thus d corresponds to a derivation 
: Tn+i Tn- Since = 0, we get (d")^ = 0. The condition that d be a Lie al- 
gebra derivation corresponds to the statement 

p o = (id (8) ± c?" id) o p, where 

(±d" ® id)(u ®v) = {-ifSiu) ■ V. 

In summary, a DGLA L* is equivalent to a smooth local complete pro-Artinian DG 
A;-algebra 7i, with a co-associative chain map 

p : r, ^ Tot(r,(8)r,), 

for which 7^ ^ is the co-unit. 
5.3 SDC ^ DGLA 

Given Q*, as in Section 5.1, we form a DG Hopf algebra C(Q),, with C(Q)„ = Qn as 
a graded module. We let 

n+l 



d = Y^i-iydi : C{Q)n+l ^ C{Q)n, 



i=0 

and give it an algebra structure via the Eilenberg-Zilber shuffle product: for x € C{Q)r 
and y G C(Q)„, let 

(/i,!^)GSh(m,n) 
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where Sh(m, n) is the set of (m, n) shuffle permutations, i.e. permutations 
(ywi, • • • ,Mm,z^i, • • • ,t'n) of {0, ...,m + n- 1} 

such that 

fii < ... < Hm and z/i < . . . < 

and (— denotes the sign of the permutation {ix^v). As explained in [Wei94] or 
[Qui69], the resulting product is supercommutative 

xVy = (-l)'""yVa; 

and associative, and d is a graded derivation with respect to V, i.e. 

d{xVy) = {dx)Vy+{-l)"'xV{dy). 

Lemma 5.7. C(Q)* is a Hopf algebra under the map p. 

Proof. Given x G C{Q)m, y € C{Q)n, and any p + q = m + n, we have: 

pp,q{xVy) = pp,g (^(-1) C7^„... 0-^1 x-cr^^... 0-^1 y) 

= X] • • • ^1^1 ® Pm',m"{x) ■ {cr^i'^, ■ ■ ■ Vi ® ^m;;,, " " " Vi') ° Pn',n"{y), 

the final sum being over 

m' + m" = m, n' + n" = n, m' + n' = p, m" + n" = q, 
ifi', u') e Sh(m', n'), {p" , v") G Sh(m", n"), 

with 

For this map to be a Hopf algebra map, we would need this expression to equal 

Pm',m"{x)Vpn',n"{y), 

m' +m" =m,n' +n"=n, 
m'+n'=p,m"+n"=q 

The {p,q) component of p{x)Vp{y). Now, 

Pm',m"{x)ypn',n"{y) = 

E±.{(Jyt ...ayi (g) a^'> . . . a^n) o Pm',m"{x) ■ (a^/ • . . cr ', ^ V » • • • V/) ° Pn',n"{y), 



where 

± = (_i)™""'(_i)(a''.'^')(_i){a'",!-")^ 

the (—1)™""' arising from the (required) supercommutativity of C(Q)* C(Q)*. The 
result now follows from the observation that 

□ 
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Lemma 5.8. p is a chain map. 



Proof. For x G C(Q)^+i, 



m+l 

p{dx) = 

p+q=m i=0 

9+1 



p 9+1 

= E (E(-i)'(^^ ® id) o + (-If ^(-ly (id ® dj) o pp,,+i(x)) 

= E (((^ - (-ir^'^P+i) ^ id) o pp+i,,(x) + (-l)^'(id (d - 5o)) o pp,,+i(x)) 
= ^ (d O id) opp+i^q(a;) - (-1)^+^(5^+1 (g) id) opp+i^g(x) 

p+q=m 

+ ^ (-l)^'(id®d)opp,q+i(x)-(-l)f(id(8)ao)opp,q+i(a;) 

p+q=m 

= ^ (d(8)id) opp+i^q(a;) + J] (-l)*'(id d) o pp^g+i(x) 



p+g=m p+q=m 

= dp{x). 



□ 



There is now a problem with C(Q*) as a candidate to define a DGLA L — it is not 
local. In [Qui69], rather than taking the unnormalised chain complex C(Q*), Quillen 
takes the normalised chain complex N{Q*). Recall that 

CiQ)n = iV(Q)n e D{Q)n, where 



n-l 



NiQ)n = n ker(9, : Q„ ^ Q„_i), Z)(Q)„ = ^ ct,(Q„_i). 
i=l i=l 

Observe that N{Q), is local, as ker(5i) C mg. It is pro-Artinian following Remark 5.4, 

since the normalisation of an ideal is a V-ideal, and N{I)VN{J) C N(IJ). However, 
we cannot give N{Q) the Hopf algebra structure p: in general, for x G N(Q)jn+m 
{dm ® id) ° Pm,n{x) 7^ 0. Instead, we take the complex 

N{Q) := C{Q)/D{Q). 

It follows immediately from the identities in Lemma 5.3 that 

is well defined. We need only check that V is well defined on iV(Q), since then we will 
have N{Q) isomorphic to N{Q) as an algebra. 



Lemma 5.9. For x E D{Q)m and y G C{Q)n, xVy G D{Q) 



m+n ■ 



51 



Proof. Without loss of generality, x = a^u, for some < r < m. We will show that 
each term in the sum of the shuffle product is in D(Q)^+„. Consider 

and let a := max{j : Vj — j < r}, which makes sense, since i/j — j is a non-decreasing 
function. With the obvious convention if this set is empty, we have < a < n. Now, 
the simplicial identities give 

with 

yi<...<Ua<r + a< Va+l < . . . < Vn- 

Now r + a<p — 1 + q, and r + a does not equal any of the Vj, so r + a = jii, for some 
i. This gives 

{(Tv„ ■ ■ ■ (^v^x) ■ {a^^ . . . a^^y) = {a^„ . . . (Jua+l(^^,,(7u, ■ ■ • (T,y,u) ■ {a^^ . . . a^^y) 

= {(^^l,c^l^n-l ■ ■ ■ CTua+i-io-ua ■ ■ ■ CTuiu) ' (cTf^.a^^-i . . . o-^i+i-i<T^i_i . . . af,^y) 
= <^iJ.iiicri^n-i ■ ■ ■ '^fa+i-i'^i'a ■ ■ ■ <^i^iu) ' (c^/x^-i • • • . . . CF ^^y)) , 

which is in as required. □ 

Definition 5.10. Given an SDC E* , we define the DGLA C{E)* by 

= Derfe,ets.(iV(Q).,fe), 

where Q* "represents" E* . 

Lemma 5.11. There are natural maps 7r*(e*) — W(^C{E)*), where c* is the tangent 
space of E* . 

Proof. We may compute tt' using the conormalised cocomplex 

n—l n 
i=0 i=0 

Thus an element a G N'^{t*) is a derivation (with respect to the product on Q) from 
Ni{Q) to k (by the definition of iV). A derivation to k is just something which annihilates 
both k and ttIq, but tngViTiQ C trig, so a gives a derivation (with respect to V) from 
-/V,(Q) to k, of degree i, i.e. 

a G C{Ey. 

This correspondence preserves closed and exact forms, so we get 

7r^(e*) ^ (£(£;)•). 

□ 

Lemma 5.12. There is a natural map S)ef^ ^^fc{E)> maps on cohomology 

compatible with the corresponding maps on tangent and obstruction spaces. 
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Proof. 1. Given u G MC^;, we may regard a; as a continuous ring homomorphism 
uj : Qi ^ A, satisfying u * lo = d^{u)). Wc also know that cf^^lo) = e. Set 
a = ll> — loq. This gives a^{a) = 0, therefore a : Ni{Q) A. In fact, a is a 
V-derivation: for x E Qo,y E Qi, 

a{xS/y) = a{aQ{x)y) 

= {uj - uJo){ao{x)y) 

= a^{Lo){x)y - a°{uJo){x)y + ao{x)uj{y) - (7o(x)c<;o(y) 

= xa{y) 

= xa{y) + a{x)y. 

Moreover, the Maurer-Cartan equation for u becomes 

(a;o + a) * (wo + a) = d^{u!o + a) 

d°{a)-d^{a) + d'^{a)+a*a = 
da + - [a, a] = 0. 

Therefore a G MCc(e)- 

2. Given g G E^(A), g is an algebra homomorphism g : Qq ^ A. Since V agrees 
with the usual product on Qo; and No{Q) = Qo, 9 ^s, a V-algebra homomorphism 
g:No{Q)^A. Therefore 

g e eyip{C{E) O mA)- 

It is easy to see that the adjoint action on E* corresponds to the gauge action on 
C{E)\ 

We therefore have the map iDcfg '^^fc{E)- The results on tangent and obstruction 
spaces follow immediately. □ 

We now need only prove that the maps 7r*(e*) W{jC{E)*) are isomorphisms, from 
which it will follow that the morphism of groupoids is an equivalence. This will be 
proved in Theorem 5.22. 

5.4 DGLA SDC 

Definition 5.13. Given a chain complex V, of vector spaces, the left adjoint of 
the normalisation functor N is defined by 

m+s=n 
0<ui<U2<...<Us<n 

where a,^^ . . . (Jy^ay-^Vm is just a copy of Vm, and we define a and d on N~^{y) using 
the simplicial identities, subject to 



\v 



d i = 
i > 0. 
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Note that N{N-^(V)) = V, and, given v G K, we write N'^v for 

V G {id)Vn C N-\V)n. 

Definition 5.14. Given a local complete pro-Artinian DG k-algebra T,, we can follow 
Quillcn ([Qui69] Proposition 4.4) in defining the left adjoint to N, on complexes of 
algebras (adapted slightly for local algebras), by 

N*{T)n = F{N-\mr))n/In, 

recalling that F is our free functor for local pro-Artinian algebras, where /„ is the ideal 
generated by 

{N-\x)VN-\y) - N-\x Ay): x G (mr)r, y G {mr)s, r + s = n}, 

where A is the product on T,, and V is the shuffle product on F^N^^imT)), defined in 
terms of the (free) product on F(iV"^(mr)). We regard {k C N*{T)n) as <To(fc C %) 
so that there is a copy of N-^{T) (and not just A/"-^(mr)) in N*{T). 

Theorem 5.15. IfT,is smooth, then so is N*{T)^. 

Proof. This is essentially [Qui69] Proposition 4.4. □ 

Theorem 5.16. If % is smooth, then the unit r] : T, ^ N{N*(T)), is such that the 
Hiij]) are isomorphisms for all i. Thus Hi(7i) = 7ri(A^*(T)*). 

Proof. Essentially [Qui69] (Theorem 4.6 and the remark following). Note that the 

assumption of characteristic zero is vital here. □ 

It therefore seems that, if T, is the smooth DG Hopf algebra corresponding to the 
DGLA L* , then a good candidate for the corresponding SDC £{L)* should be that 
represented by N*{T). However, we need first to define Hopf maps on N*(T). Since 
the Hopf maps did not behave under N, it is unsurprising that they do not behave 
under TV*. We get round this by making use of the isomorphism N = N. 

Lemma 5.17. // Q* "represents" an SDC E*, then, under the isomorphism 

N{Q), N{Q)„ 
the map p on N corresponds to A on N, where 

m—l 

^m,n = ((id + ^ i-ir-'aidm) id) o : 

i=0 

N{Q), N{Q),m{Q), 

NiQ). — ^ NiQ).miQ).. 

On N, we may also recover p from A. 
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Proof. Observe that 

and verify that A(a;) G N{Q)®N{Q). 

Finally, note that we can apply the identities from Lemma 5.3 to get 

m— 1 

Am,n = Pm,n + ^ ® ^o) ° Pm-l,n+l- 

1=0 

Hence 

m— 1 
i=0 

m—l m— 1 

= Pm,n+ Xl(-ir~'(<^i'^^o)oPm-l,n+l " (-ir"'(<^i «> ^o) o Pm-l,n+l 

i=0 1=0 

in — l in— 2 

1=0 j=0 

m—l m— 2 

i=0 j=0 

~ Pm,n 

on N, since ^o^o = ^o^i) and id (g) 5i is zero on p{N). □ 

Definition 5.18. Therefore, given a DGLA L, "represented" by the smooth DG Hopf 
algebra T, with comultiplication A, wc define N*{T) to be the algebra iV*(T) (noting 
that this is smooth by Theorem 5.15), with Hopf maps defined on 

{N-^{t) : t e mr} c N-^{mr) 

by 

m—l 
i=0 

extending to the rest of A^^-'^(m7-) by the rules in Lemma 5.3, and extending to N*{T) 
by multiplicativity. Note that Lemma 5.7 ensures that this is well-defined. Call the 
resulting SDC S{L)*. 

Theorem 5.19. There are canonical isomorphisms H*(L) —i- 7r*(e(L)*), where e(L)* is 
the tangent space of S{L)*, and an equivalence iDcf^ — 25ef£:(L)- 

Proof. 

1. e(L)* = Der(iV*(r)*, k). Prom the definition of N*{T), it follows that 

Der(iV*(T)„A;) ^ {a G Roui{N'^{T)* ,k): a(l) = 0, a{N-^{xAy)) = OVx,y Gmr}. 
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Now, one possible definition of cohomotopy groups is as the cohomology of the 
complex 

n 
1=1 

Therefore 

7r^(e(L)*) = ff(7V(e(L))-) 

= B.\N(Der{N*{T),,k))) 

= R\N{{ae}iom{N-^{mr)*,k): a{N-'^{xAy)) = Va;,?/Gmr})) 
= R\{a eRom{NN-^{mT)„k): a{N-'^{x Ay)) = Vx,yGmr}) 
= ff(Der(r.,fe)) 
= ff(L), 

since NN~^{mr), = (mr).. 

2. First observe that N*{T)o = %, with the same product. Thus Gl = £{L)^- Call 
the identity of both these groups e. Given a G MC l (^) , let 

u : N*{T)i 

be the multiplicative map defined on the generators 

Ar-i(r)i = Ti e (JoTo by a; = (a, 0) + a;o, 

where uq = eodo [effectively this gives us a; = (a, eo(c7o)~^)]. The proof of Lemma 
5.12, and the discussion comparing and N, show that this is well-defined and 
satisfies the Maurcr-Cartan equation. The gauge action of Gl corresponds to the 
adjoint action of E^, combining to give us a morphism 

Z)cfi^S)eff(L). 

That this is an equivalence follows from the first part, and Theorems 0.11 to 0.14. 

□ 

Lemma 5.20. There is a quasi-isomorphism E* £{C{E))* of SDCs, for any SDC 
E*. 

Proof. To see that there is a morphism E* £{C{E))* is immediate. It is the map 

N*N{Q)* ^ Q* 

corresponding to the canonical map N*N{Q^) Q*. Moreover 

n,{N*N{Q),) ^ H,(iV(Q).) ^ 7r*(Q*), 

the first isomorphism being a consequence of Theorem 5.16. Thus the map 
iV*VFiV(Q)* Q* induces an isomorphism on homotopy groups. Now, we may use 
the completeness of these simplicial algebras to show that they are free in the sense of 
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[Qui69] Proposition I 4.4. Since free simplicial complexes are the analogue of projective 
resolutions, and we have a pair of homotopic free complexes, it follows that 

Der(Q„ k) ^ Der(iV*iV(Q),, fc) 

gives an isomorphism on cohomotopy groups, i.e. 

the proof being the same as the result in [Qui70] that the quasi-isomorphism class 
of the tangent complex is independent of the choice of cofibrant resolution. Hence 
E* £{C{E)Y is a quasi-isomorphism of SDCs. □ 

Corollary 5.21. For any DGLA L* , there is a quasi-isomorphism L* — > C{£{L))* . 

Proof. By Lemma 5.20, there is a quasi-isomorphism of SDCs 

£{Ly ^ £{C{£{L))r . 

Now, Theorem 5.19 gives a canonical isomorphism iV(e(L))* = L*, so we may regard 
N{e{L)y as a DGLA, with bracket 

[a, ^] = (a (g) /?) o A T (/? <8) a) o A. 

(Note that N{e*), for the tangent space e* of an arbitrary SDC E* will not be closed 
under this bracket.) 

The quasi-isomorphism of SDCs then gives us a quasi-isomorphism of DGLAs 

L* ^ N{e{L)y ^ N{e{ji:{£{L)))y ^ c{£{L)y. 

□ 

Theorem 5.22. The maps 7r*(e*) H*(£(£')*) in Lemma 5.11 are isomorphisms, and 
hence the morphism "^^fciE) Lemma 5.12 is an equivalence. 

Proof. We can factor the isomorphism 

n\e) ^ n\e{c{E)y) 

from Lemma 5.20 as 

'K\e)^}i\L{Ey)^'K\e{c{E)y), 

the second isomorphism coming from Theorem 5.19. Thus 

T,\e)^B.\c{Ey) 

must be an isomorphism, and by Theorems 0.11 to 0.14 and Lemma 5.12, 

must be an equivalence. □ 
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5.4.1 An explicit description 

Given a DGLA L, first form tfie denormalised cosimplicial complex 

n+l 

r>"L:=( ...&>^U'')/{dv ^Y,^-iyd'v VvGL"), 

m+s=n i=0 
0<h<.--<3s<n 

where we define the and a* using the simplicial identities, subject to the condition 
that C7*L = 0. 

We now have to define the Lie bracket |, \ from D^L ® D^L to D"L. On the 
conormalised complex N'^{DL DL) < D^L D^L, we define this as the composition 

Ar"(DL DL) LP (g) L« L", 

where 

We then extend this bracket to the whole of (g) D'^L by setting 

ld'a,d'bj := 5*|a,6|. 

Now set 

^(Lr(A) =exp(Z)"(L)^mA), 

making into a cosimplicial complex of group-valued functors. To make it an SDC, 
we must define a * product. We do this as the Alexander- Whitney cup product 

g*h = (9'"+" . . . d'^+^d"'+^g) ■ {d^)"'h, 

for g e SiL)"", h G f (Lf . 
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